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Abstract 

Let K be an arbitrary field of cliaracteristic p > and T)[Pn) be tlie ring of 
differential operators on a polynomial algebra P„ in n variables. A long anticipated 
analogue of the inequality of Bernstein is proved for the ring T>(Pn). In fact, three 
different proofs are given of this inequality (two of which are essentially characteristic 
free): the first one is based on the concept of the filter dimension, the second - on 
the concept of a set of holonomic subalgebras with multiplicity, and the third works 
only for finitely presented modules and follows from a description of these modules 
(obtained in the paper). On the way, analogues of the concepts of (Gelfand-Kirillov) 
dimension, multiplicity, holonomic modules are found in prime characteristic (giv- 
ing answers to old questions of finding such analogs). An idea is very simple - 
to find characteristic free generalizations (and proofs) which in characteristic zero 
give known results and in prime characteristic - generalizations. An analogue of 
the Quillen's Lemma is proved for simple finitely presented P(P„)-modules. More- 
over, for each such module L, Endx)(p„)(i>) is a finite separable field extension of K 
and dim;^(Endx)(p„)(i)) is equal to the multiplicity e{L) of L. In contrast to the 
characteristic zero case where the Geland-Kirillov dimension of a nonzero finitely 
generated 'D(Pn)-ioaodule M can be any natural number from the interval [n,2n], 
in the prime characteristic, the (new) dimension Dim(M) can be any real number 
from the interval [n, 2n]. It is proved that every holonomic module has finite length 
but in contrast to the characteristic zero case it is not true neither that a nonzero 
finitely generated module of dimension n is holonomic nor that a holonomic mod- 
ule is finitely presented. Some of the surprising results are (i) each simple finitely 
presented I?(P„)-module M is holonomic having the multiplicity which is a natural 
number (in characteristic zero rather the opposite is true, i.e. GK (M) = 2n — 1, as 
a rule), (ii) the dimension Dim(M) of a nonzero finitely presented P(P„)-module M 
can be any natural number from the interval [n, 2n], (Hi) the multiplicity e(M) exists 
for each finitely presented I'(P„)-module M and e(M) G Q, the multiplicity e{M) 
is a natural number if Dim(M) = n, and can be arbitrary small rational number if 
Dim(M) > n. 
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1 Introduction 

Throughout the paper, K is a. field, P„ = K[xi, . . . , x„] a polynomial algebra in n variables 
over the field a module means a left module, ® = GK stands for the Gelfand- 
Kirillov dimension. 

In characteristic zero, the ring T>{Pn) of differential operators on P„ (so-called, the 
Weyl algebra) has pleasant properties: it is a simple finitely generated Noetherian domain 
of Gelfand-Kirillov dimension GK(P(P„)) = 2n equipped with a standard filtration such 
that the associated graded algebra gr D(P„) is an affine commutative algebra. None of these 
properties, except simplicity, holds for the ring V{Pn) in prime characteristic. Moreover, 
in prime characteristic the ring V{Pn) has a lot of nilpotent elements and zero divisors. 
This has a serious imphcation that the standard approach of studying D(P„)-modules via 
reduction to modules over affine commutative algebras simply is not available. 

Key ingredients of the theory of (algebraic) P-modules in characteristic zero are the 
Gelfand-Kirillov dimension, multiplicity, Hilbert polynomial, the inequality of Bernstein, 
and holonomic modules. In prime characteristic, straightforward generalizations of these 
either do not exist or give 'wrong' answers (as in the case of the Gelfand-Kirillov dimension: 
GK(T'(P„)) = n in prime characteristic rather than 2n as it 'should' be and it is in 
characteristic zero). 

In 70 'th and 80 'th, for rings of differential operators in prime characteristic natural 
questions were posed (see, for example, questions 1-4 in ^E]) [some of them are still 
open] that can be summarized as to find generalizations of the mentioned concepts and 
results (that results in 'good theory' expectation of which was/is high, see, the remark of 
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Bjork in T^). One of the question in ^Hj is to give a definition of holonomic module in 
prime characteristic. In characteristic zero, holonomic modules have remarkable homolog- 
ical properties based on which Mebkhout and Narvaez-Macarro ^2] gave a definition of 
holonomic module. Another approach (based on the Cartier Lemma) was taken by Bog- 
vad IB] who defined, so-called, filtration holonomic modules. This one is more close to the 
original idea of holonomicity in characteristic zero. Note that the two mentioned concepts 
of holonomicity in prime characteristic appeared before analogues of the Gelfand-Kirillov 
dimension and the inequality of Bernstein have been found. 

In the present paper, analogues of the Gelfand-Kirillov dimension, multiplicity, the 
inequality of Bernstein, and holonomic modules are found in prime characteristic based on 
a simple idea - to find characteristic free generalizations (and proofs) which in characteristic 
zero give known concepts (and proofs) and in prime characteristic - generalizations. 

Filtrations of standard type and the dimension Dim. A part of the success story 
in studying various finitely generated (Noetherian) algebras is the class of finite dimensional 
filtrations that are equivalent to standard filtrations (a standard filtration is determined in 
the obvious way by a finite set of algebra generators). In general, for an algebra which not 
finitely generated (like T>{Pn) in prime characteristic) there is no obvious choice of finite 
dimensional filtrations but for the algebra T>{Pn) there is an obvious one - filtrations that 
'correspond' to standard filtrations in characteristic zero, in the present paper they are 
called filtrations of standard type and an analogue of the Bernstein filtration is called the 
canonical filtration F = {Fi}i>o on V{Pn) and dimi^(Fj) = (*^^") = (2^^^" + ■ ■ ■ , i > 0. 
Now, a finitely generated V{Pn)-inodu\e M = V{Pn)Mo (dimft:(Mo) < 00) is equipped 
with the filtration of standard type {Mi := FjMo} and one can define the dimension of M: 
Dim(M) := 'j{i \—>- dimx(Mj)) where 7 denotes the 'growth' of function. In particular, 
Dim(P(P„)) = 2n. 

An analogue of the inequality of Bernstein. 

Theorem 1.1 (The inequality of Bernstein, ^71) Let K a field of characteristic zero. 
Then GK (M) > n for all nonzero finitely generated V^Pn) -modules M . 

An analogue of this inequality exists for an arbitrary simple finitely generated algebra. 

Theorem 1.2 Let A be a simple finitely generated algebra. Then 

GK{A) 



GK (M) > 



d(A) + max{d(A),l} 



for all nonzero finitely generated A-modules M where d{A) is a (left) filter dimension of 
A. 

In particular, d(T>{Pn)) = 1 (see [3]) and GK(I?(P„)) = 2n in characteristic zero, and so 
GK{M) > ^ = n (Theorem HHI). 

In Section |2l a generalization of Theorem 11.21 (Theorem 13. 1|) is given for a simple (not 
necessarily finitely generated or Noetherian) algebra equipped with a finite dimensional 
filtration. 
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Theorem 1.3 Let A be a simple algebra with a finite dimensional filtration F = {Ai}. 
Then 

_ , Dim(A) 

Dim M > — — \j, 

^ ^ - d{A) + max{d(v4), 1} 

for all nonzero finitely generated A-modules M where d is the filter dimension. 

Applying this resuh to the algebra V{Pn) in prime characteristic one obtains an analogue 
of the inequality of Bernstein in prime characteristic. 

Theorem 1.4 Let K a field of characteristic p > 0. Then Dim(M) > n for all nonzero 
finitely generated V{Pn) -modules M . 

Proof. Since Dim(P(P„)) = 2n and d{T>{Pn)) = 1 (Theorem I4.2j) . applying Theorem 
Owe have Dim(M) > ^ = n. D 

The proof is essentially characteristic free. 

In characteristic zero, the Gelfand-Kirillov dimension of a nonzero finitely generated 
P(P„)-module can be any natural number from the interval [n, 2n]. 

Theorem 1.5 Let K be a field of characteristic p > 0. 

1. (Theorem \9 . 1 1]) For each real number d from the interval [n, 2n] there exists a cyclic 
V{Pn)-module M such that Dim(M) = d. 

2. (Theorem \5 . 5\) The dimension Dim{N) of a nonzero finitely presented V{Pn) -module 
N can be any natural number from the interval [n, 2n] . 

Holonomic modules. A function / : N ^ N has polynomial growth if there exists 
a polynomial p{t) G Q[t] such that f{i) < p{i) for i ^ 0. In characteristic zero, a 
nonzero finitely generated X'(P„)-module M is holonomic iff GK (M) = n iff the function 
i I— > dimji-(Mj) has polynomial growth of degree n (i.e. dimxiMi) < p{i) for i ^ 0, and 
degj(p(t)) = n) for some/any standard filtration {Mi} on M. 

Definition. In prime characteristic, a nonzero finitely generated P(P„)-module M 
is holonomic iff the function i i— dimx{Mi) has polynomial growth of degree n (i.e. 
dimj^(Mj) < p{i) for i ^ 0, and degj(p(t)) = n) for some (then any) filtration of standard 
type {Mi} on M. 

• (Proposition 19. 9|) In prime characteristic, there exists a cyclic non-holonomic non- 
Noetherian V{Pn)-module M with Dim(M) = n. 

• (Theorem 19. 6|) In prime characteristic, each holonomic module has finite length and 
it doest not exceed its 'multiplicity'. 
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These two results show that even having the analogue of the Gelfand-Kirillov dimension 
and the analogue of the inequality of Bernstein the 'straightforward' generalization of 
holonomicity (namely, Dim(M) = n) simply is not correct. 

Holonomic sets of subalgebras with multiplicity. For a simple algebra A (which is 
not necessarily finitely generated or Noetherian), existence of holonomic set of subalgebras 
with multiplicity is another reason why an analogue of the inequality of Bernstein holds 
and why each holonomic A- module has finite length f Theorem I9.2|) . 

• ( Theorems 19 . 51 and 19 . 3^ . In prime characteristic, the algebra V{Pn) has a holonomic 
set of subalgebras with multiplicity 1 (given explicitly). 

Definition. In prime characteristic, a set C = {Ci^l^GA/" of subalgebras of the algebra 
'D{Pn) is called a holonomic set of subalgebras with mulitplicity e if for each nonzero V{Pn)- 
module M there exists a nonzero finite dimensional vector subspace \^ of M such that 

dimK{C^^V)>■^i'' + ■■■, i>0, 
n! 

for some z/ G A/" where {C,y^i := (1 Fi} is the induced filtration on the algebra from 
the canonical filtration F = {-F,;} on the algebra V{Pn) and the three dots mean 0(2""), 
smaller terms. 

Finitely presented T'(P„)-modules and multiplicity. Briefly, in prime characteris- 
tic finitely presented P(P„)-modules behave similarly as finitely generated V{Pn) -modules 
in characteristic zero (Theorem I5.10|) : for each finitely presented P(P„,)-module M, the 
Poincare series of it is a rational function, though its Hilbert function is not a polynomial 
but an almost polynomial degree of which coincides with the dimension Dim(M) of M (and 
it can be any natural number from the interval [n, 2n], this gives another proof of an ana- 
logue of the inequality of Bernstein for finitely presented X'(P„)-modules, Theorem 15. Sp . 
and the multiplicity exits for M f Theorem 15. 5p . The differences are {i) in prime charac- 
teristic, finitely presented ©(P^) -modules have transparent structure and are described by 
Theorem 15.51 but in characteristic zero the category of finitely generated r'(P„) -modules 
is still a mystery, (u) for each natural number d such that n < d < 2n, there exists a cyclic 
finitely presented P(P„)-module M with Dim(M) = d and with arbitrary small multiplic- 
ity e(M), Lemma f5. 61 fin characteristic zero, multiplicity is a natural nnmhei) , though the 
multiplicity of every holonomic finitely presented P(P„)-module is a natural number (The- 
orem |HI7j), {iii) and what is completely unexpected is that each simple finitely presented 
P(P„)-module is holonomic fCorollarv 15. 8p . and if, in addition, the field K is algebraically 
closed then the multiplicity is always 1 fCorollarv 16. 8|) . 

A classification of simple finitely presented r'(P„)-modules and an analogue 
of Quillen's Lemma. In prime characteristic (see Theorem \6. 

• A clasification of simple finitely presented V{Pn) -modules is obtained. 

• Every simple finitely presented V{Pn)-module M is holonomic, and 
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• (An analogue of Quillen's Lemma) its endomorphism algebra E'n.dv{p„){M) is a 
finite separable field extension of K , and 

• diiiii^ (Endx)(p„)(M)) = e(M), the multiplcity of M, and 

• if, in addition, the field K is algebraically closed then always e(M) = 1. 

A classification of tiny simple D(P„)-modules. A classification is obtained of the 
'smallest' simple T'(P„)-modules (see Theorems 17 . 1 1 and 16 . 7^ . they are called tiny modules. 
Theorem 16.71 describes the set of tiny finitely presented r'(P„)-modules and Theorem 17.11 
classifies the set of tiny non-finitely presented I'(P„)-modules. They turned out to be 
holonomic with multiplicities which are natural numbers. Briefly, they have the same 
properties as simple finitely presented X'(P„)-modules. 

Results of this paper have been generalized for the ring of differential operators on a 
smooth irreducible affine algebraic variety, 

2 Filter dimension of algebras and modules 

The filter dimension is one of the key ingredients in the proof of an analogue of the in- 
equality of Bernstein in prime characteristic. 

Originally, the filter dimension was defined for any finitely generated algebra A and any 
finitely generated A-module. In this section, the concept of filter dimension of algebras and 
modules will be extended to a class of not necessarily finitely generated algebras. 

The concept of growth. Let JF be the set of all functions from the set of natural 
numbers N = {0, 1, . . .} to itself. For each function / G JF, the non-negative real number 
or oo defined as 

7(/) := inf {r G M | /(i) < f for i > 0} 

is called the degree of /. The function / has polynomial growth if 7(/) < oo. Let 
f,g,p G JF, and p{i) = p*{i) for i where p*{t) G Q[t] (a polynomial algebra with 
coefficients from the field of rational numbers). Then 

7(/ + 9)< max{7(/), 7(^)}, -f{fg) < -f{f) + -f{g), 
l{p) = degi(p*(t)), -f{pg) = 7(p) + -f{g). 

The equivalence relation on the class of filtrations. Let A be an algebra over 
an arbitrary field K. Recall that a filtration F = {ylj}j>o of the algebra A is an ascending 
chain of vector subspaces of A: 

v4o C Ai C . ■■ C C .. . , A = Ui>oAi, KCAo, AiAjCAi+j, i,j>0. 

The filtration P is a finite dimensional filtration (or a finite filtration, for short) provided 
dim^ Fi < oo for alH > 0. Filtrations P = {Ai} and G = {Bi} on A are called equivalent 
(P ~ G) if there exist natural numbers a, b, c, d such that a > 0, c > and 

Ai C Ba^+b and Bi C A^+d for i > 0. 
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The equivalent filtrations F = {Ai} and G = {Bi} on A are called strongly equivalent if 
a = c = 1. A similar definition exists for filtrations on modules rather than algebras. 

Clearly, this is an equivalence relation on the class of all filtrations of the algebra A. For 
a filtration F, F denotes the equivalence class of the filtration F. If one of the inclusions 
above holds, say the first, we write F < G. 

The Gelfand-Kirillov dimension. If A = K{ai, . . . ,as) is a finitely generated K- 
algebra. The finite dimensional filtration F = {A^} associated with algebra generators 
Oi, . . . , a^: 

s 

Ao := K C Ai ■= K + ^ Kai C ■ ■ ■ G Ai := A\ C ■ ■ ■ 

i=l 

is called the standard filtration for the algebra A. Let M = AMq be a finitely generated 
A-module where Mq is a finite dimensional generating subspace of the A-module M. The 
finite dimensional filtration {Mi := AiMo} is called the standard filtration for the A- 
module M. All standard filtrations of an algebra A (or a finitely generated A-module) are 
equivalent. 

Definition. GK{A) := 'y{i i— >■ dim^(y4j)) and GK (M) := 7(i i— >■ dimj^(M()) are called 
the Gelfand-Kirillov dimensions of the algebra A and the A-module M respectively. 

It is easy to prove that the Gelfand-Kirillov dimension of the algebra (resp. the module) 
does not depend on the choice of the standard filtration of the algebra (resp. and the choice 
of the generating subspace of the module) see P for details. This is a direct consequence 
of the fact that all the standard filtrations are equivalent. 

The results we are going to generalize first were proved for finitely generated algebras 
(and their finitely generated modules) equipped with standard filtrations. Here we extend 
results to arbitrary filtrations (mainly finite dimensional) on a not necessarily finitely gen- 
erated algebras. The results do not depend on a filtration inside its equivalence class, but, 
in general, they do depend on the equivalence class. The choice of the equivalence class 
depends on a concrete class of algebras. 

Our main motivation is an equivalence class of finite dimensional filtrations on a ring 
of differential operators T^IA) in prime characteristic that in characteristic zero coincide 
with the class of all the standard filtrations on the algebra 'P(A). 

The return functions and the (left) filter dimension. Let A be a filtered algebra 
with a filtration F = {Ai}, and let M = AMq be a finitely generated A-module with 
a finite dimensional generating subspace Mq. Then M = Ui>oMj is a filtered A-module 
with the filtration {Mj := AjMo} which obviously does depend on the filtration F and a 
generating subspace Mq. When one fixes the filtration F then distinct finite dimensional 
subspaces of the A-module M give equivalent filtrations on the module M. 

The next definition appeared in i2j in case of standard filtrations. 

Definition. The function h'F,Mo : N — N U {oo}, 

^F,Mo{^) '■= min{j GNU {00} : AjMi^gen ^ Mq for all Mj^^en} 

is called the return function of the A-module M associated with the filtration F = {Ai} 
of the algebra A and the generating subspace Mq of the A-module M where Mi^gen runs 
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through all finite dimensional generating subspaces for the A-module M such that Mi^gen ^ 

Suppose, in addition, that the algebra A is a simple algebra. The return function 
Up & J-' and the left return function Af € for the algebra A with respect to the 
filtration F := {Ai} for the algebra A are defined by the rules: 

upii) := min{j G N U {00} | 1 G AjaAj for all 7^ a G Ai}, 
Air(z) := min{j G N U {00} | 1 G AaAj for all 7^ a G Aj}, 

where AjaAj is the vector subspace of the algebra A spanned over the field K by the 
elements xay for all x,y E Aj; and AaAj is the left ideal of the algebra A generated by the 
set aAj. Similarly, the unit return function E T and the left unit return function 
A^ G are defined (where V = U{A) is the group of units, i.e. invertible elements of A): 

u^(i) := min{j G N U {00} | U{A) n A^aAj ^ for all ^ a G A^}, 
Xl{i) := min{j G N U {00} | U{A) D AaAj ^0 for all ^ a G Ai}. 

Clearly, 

A^(i) < Ai7(i) < upii) and A^(i) < u^ii) < upii) for all i > 0. (1) 

The next result shows that under a mild restriction the four return functions take only 
finite values. In general, there is no reason to believe that values of the return functions are 
always finite, but for central simple algebras equipped with an arbitrary finite dimensional 
filtration this is always the case (see the next lemma). Recall that the centre of a simple 
algebra is a field. 

Lemma 2.1 Let A be a simple algebra equipped with a finite dimensional filtration F = 
{Ai} such that the centre Z{A) of the algebra A is an algebraic field extension of K. Then 
the four return functions take finite values. 

Proof. In a view of (^, it suffices to prove the lemma for the return function up, that 
is z/i?(i) < 00 for all i > 0. 

The centre Z = Z{A) of the simple algebra A is a field that contains K. Let {ujj \jEJ} 
be a i^-basis for the i^'-vector space Z. Since dimx(Aj) < 00, one can find finitely many 
Z-linearly independent elements, say ai, . . . , a^, of Ai such that Ai C Zai + ■ ■ ■ + Zag. 
Next, one can find a finite subset, say J', of J such that Ai C Vai + ■ ■ • + Vag where 
V = '^jizji Kujj. The field K' generated over K by the elements ujj, j G J', is a finite 
field extension of K (i.e. dimxiK') < 00) since Z/K is algebraic, hence K' C An for some 
n > 0. Clearly, Ai C K'ai H h K'ag. 

The A-bimodule aAa is simple with ring of endomorphisms End(^A^) ^ Z. By the 
Density Theorem, ^Hj; 12.2, for each integer 1 < j < s, there exist elements of the algebra 
A, say x{, . . . , x{^, y{, . . . , yi^, m = m{j), such that for all 1 < / < s 

m 

''^^X'laiyi = 6j^i, the Kronecker delta. 

k=l 
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Let us fix a natural number, say d — di, such that contains all the elements x-j,, yl, and 
the field K'. We claim that h'pi'i) < 2(i. Let 7^ a G Ai. Then a = AiOi + • • • + A^a^ for 
some Aj G K'. There exists \j 7^ 0. Then Yl^=i '^J^^i'^jUl ~ '^J^^i^vi ^ ^2d- This 

proves the claim and the lemma. □ 

Remark. If the field K is uncountable then automatically the centre 2^ (A) of a simple 
finitely generated algebra A is algebraic over K (since A has a countable X-basis and the 
rational function field K{x) has uncountable basis over K since elements X & K, are 
i^-linearly independent). 

In what follows we will assume that the four return functions do not take infinite 
value. 

Lemma 2.2 Let A be an algebra equipped with two equivalent filtrations F — {A^} and 
G = {B,}. 

1. Let M he a finitely generated A-module. Then 7(z^f,Mo) = i{.^g,No) fof any finite 
dimensional generating subspaces Mq and Nq of the A-module M. 

2. If, in addition, A is a simple algebra then ^{i'f) — 7(^g); i{^f) — i{Xg), o-nd 
^{fp) = j{j^F(g)F°,K) where uf(^f°,k is the return function of the A (8) A°-module A 
and A" is the opposite algebra to A. 

3. If, in addition, A is a simple algebra then "y{i^p) — ^(j^g) ^'^^ li^p) — li^o)- 

Proof 1. The module M has two filtrations {Mi = AiMo} and {Ni = BiNo}. Let 

= vf,Mo n = vg, No- 
First, we consider two special cases, then the general case will follow easily from these 
two. Suppose first that F — G. Choose a natural number s such that Mq C Ng and 

A^o ^ Ms, then Ni C Mj+s and Mi C Ni^s for all i > 0. Let Ni^g^n be any generating 
subspace for the A-module M such that Ni^gen ^ N^. Since Mq C Ay(^i^s)Ni^gen for all 
i > and Nq C AsMq, we have Nq C A^(iJ^s)+sNi^gem hence < u{i + s) + s and finally 
< By symmetry, the opposite inequality is true and so 7(/x) = 7(2^). 
Now, suppose that Mq = A^o- Since F ~ G one can choose natural numbers a,b,c,d 
such that a > 0, c > and 

Ai C Bai+b and Bi C A^+d for i > 0. 

Then Ni = BiN^ C A^i+^Mo = M,,+d for aU i > 0, hence iVo = Mq C A,(^,,+d)N^,gen C 
Bau(ci+d)+bNi^geni therefore < au{ci + d) + h for all ? > 0, hence 7(/i) < 7(1^). By 
symmetry, we get the opposite inequality which implies 7(/i) = 7(2^). 

In the general case, ^{vf^Mo) = li^F,No) = lij^G,No)- 

2. The algebra A is simple, equivalently, it is a simple (left) A yl°-module where 
A° is the opposite algebra to A. The opposite algebra has the filtration F° = {A"}. 
The tensor product of algebras A ® A°, so-called, the enveloping algebra of A, has the 
filtration F ® F° = {On} which is the tensor product of the filtrations F and F°, that is. 
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Cn = Ylii^i ® + J ^ ""■}■ Let i'F(»F°,K be the return function of the A ® A°-module A 
associated with the filtration F ^ F° and the generating subspace K. Then 

upii) < ^F(S)F°,K{i) < 2vF{i) for alH > 0, 

and so 

7(z/^) = ^(^jyp^p,^^)^ (2) 

and, by the first statement, we have 7(1^^) = 7(z^F®F°,ii') = i{.'>-'g®g°,k) = i{.i^g)i as 
required. Using a similar argument as in the proof of the first statement one can proof 
that 7(Ai?) = 7(Ag). We leave this as an exercise. 

3. Let F, G, a, b, c, d be as above. Let U = U{A) be the group of units of the algebra 
A, and let A := and /i := Uq (resp. A := A^ and /i := A^.). We prove two cases 
simultaneously. Let x be a nonzero element of Ai. Then 7^ x G -Bai+6 and 

7^ n AxB^i^ai+b) C f/ n AxAc^(^ai+b)+d respectively. 

In both cases, 7(A) < 'y{cfi{ai + b) + d) < 7(/i). By symmetry, the inverse inequality is 
also true, and so 7(A) = 7(/i). □ 

Definition. fd(M) = '~f{i'F,Mo) is the filter dimension of the ^-module M, and fd(A) := 
id{A(g)A°A) is the filter dimension of the algebra A. If, in addition, the algebra A is simple, 
then fd(A) = '^{i'f), lfd(y4) := 7(Ai?) is called the left filter dimension of the algebra A, 
ud(y4) = 'j{i^p) is called the unit dimension of A, and lud(yl) := 7(A^) is called the left 
unit dimension of the algebra A. 

By the previous lemma, the definitions make sense provided an equivalence class of 
filtrations is fixed. We will always assume that we have fixed such a class. A particular 
choice of an equivalence class of filtrations depends on a class of algebras we study. For 
finitely generated algebras such an equivalence class as a rule is the equivalence class of 
all standard filtrations, but for algebras that are not finitely generated there is no obvious 
choice of an equivalence class of filtrations. 

For standard filtrations the concept of (left) filter dimension first appeared in j2]. 

By©, 

lud(yl) < Ifd(A) < fd{A) and \ud{A) < ud{A) < fd{A). (3) 

3 Dimension of (not necessarily finitely generated or 
Noetherian) algebras and dimension of their finitely 
generated modules 

Theorem 13. H is the main result of this section, it is a kind of the inequality of Bernstein but 
for an arbitrary simple algebra (not necessarily finitely generated) equipped with a finite 
dimensional filtration. In this section, let A be an algebra over an arbitrary field K with defi- 
nite dimensional fUtTation F = {Ai}. Let M = AMq be a finitely generated A-module with 
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a finite dimensional generating subspace Mq. Then M has a finite dimensional filtration 
{Mi := AjMo}. Suppose that G = {Bi} is a finite dimensional filtration on A equivalent 
to the filtration F and let A^o be another finite dimensional generating subspace for the A- 
module M. Then the A-module M has a second finite dimensional filtration {Ni := AiN^}. 
It follows easily that {dim k Ai) = '-f {dim k Bi) and '-f {dim k Mi) = 7(dimx A^i). 

Definition. The dimension Dim A of the algebra A and the dimension Dim M of the 
finitely generated A-module M are the numbers j {dim x Ai) and 'y{dimK Mi) respectively. 

So, the dimension Dim A of the algebra A is an invariant of the algebra A and the 
equivalence class of the filtration F. The same is true about the dimension DimM of the 
A-module M. 

If A is a finitely generated algebra and {Ai} is a standard filtration then Dim(A) = 
GK {A) and Dim(M) = GK (M). 

In this paper, d{A) stands for any of the dimensions fd{A), lid{A), ud{A) or lud(A) of 
an algebra A (i.e. d = fd, Ifd, ud, lud). 

The four dimensions appear naturally when one tries to find a lower bound for the 
holonomic number f Theorem 13. Ij) . 

The next theorem is a generalization of the inequality of Bernstein (Theorem II. 1|) 
to the class of simple algebras. This result was first appeared in ||2J |1] in the case of 
simple finitely generated algebras with respect to the class of standard filtrations and for 
d = fd, Ifd. 

Theorem 3.1 Let A be a simple algebra with a finite dimensional filtration F = {Ai}. 
Then 

^. /,.x Dim(A) 
°'""<"" ^ d(A)+mAd(^).l} 

for all nonzero finitely generated A-modules M where d = fd, Ifd, ud, lud. 

Proof. In a view of 0, it suffices to prove the theorem for d = lud. Let A = be the 
left unit return function associated with the finite dimensional filtration F of the algebra 
A and let 7^ a G Aj. It follows from the inclusion 

AaM^,) = AaA^^i^Mo D {U{A) n AaA^,))Mo ^ 

that the linear map 

Ai -> Romx {Mx({),Mx(i)+i), a ^ {m ^ am), 

is injective, and so dim Ai < dim Mx(i) dim Mx{i)+i. Using the above elementary properties 
of the degree (see also [TT], 8.1.7), we have 

Dim(A) = 7(dim Ai) < 7(dim Ma(^)) + 7(dim Mx(i)+r) 

< 7(dimMi)7(A) +7(dimMi)max{7(A),l} 
= Dim(M)(ludv4 + max{ludv4, 1}) 

< Dim(M)(ludA + max{ludA, 1}). □ 
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The inequality of Bernstein says that GK (M) > n for any nonzero finitely generated 
module M over a ring of differential operators T>{X) on a smooth irreducible affine algebraic 
variety X of dimension n = dimX over a field of characteristic zero. Since GK {V{X)) = 
2n and id{V{X)) = \id{V{X)) = 1 ([3J), by Theorem EH we have a 'short' proof of the 
inequahty of Bernstein: 

2ri 

GK (M) > = n. 

^ ^ - 1 + 1 

Definition, '.= inf{Dim(M) | M is a nonzero finitely generated A-module} is called 
the holonomic number for the algebra A (with respect to the equivalence class F of the 
finite dimensional filtration F). 

The result above gives a lower bound for the holonomic number of the simple algebra 

^ - d(A) + max{d(A),l}' 



Theorem 3.2 Let A and F be as above. Then 

Dim(M) < Dim(A) fd(M) 

for any simple A-module M . 

Proof. Let u = VF,Km be the return function of the module M associated with the finite 
dimensional filtration F = {Ai} of the algebra A and a fixed nonzero element m G M. Let 
TT : M — > A' be a non-zero linear map satisfying 7r(m) = 1. Then, for any i > and any 
7^ M G Mj := Aim: 1 = 7i{m) G 7r(yl,^(j)u), and so the linear map 

Mi RomK{A^(i), K), {a\^ TT{au)), 

is an injective map hence dim Mj < dim A^i^i) and finally Dim(M) < Dim(y4) fd(M). □ 

Corollary 3.3 Let A be a simple algebra with Dim(74) > 0. Then 

id{A) > 1 

Proof Clearly, Dim{A®A°) < Dim(y4) + Dim(A°) = 2Dim(A). Applying Theorem O 
to the simple A ® A°-module M = A we finish the proof 

Dim(A) = Dim{A^AoA) < Dim(A A°)fd(A®A°v4) < 2Dim(A)fd(A) 

hence fd(A) > |. □ 

Corollary 3.4 Let A be a simple algebra with Dim(74) > 0. Then 

^^^^^ - fd(A) +max{fd(A),l} 

for all simple A-modules M. 
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Proof. Applying Theorem 13. II and Theorem 13 ■2[ we have the result 



fd(M) > > . I . □ 

^ ' - Dim(A) - Dim(A)(fd(A) + max{fd(/l), 1}) fd{A) + max{fd(A), 1} 

In general, it is difficult to find the exact value for the filter dimension but for the ring 
of differential operators T'(P„) with polynomial coefficients P„ = K[xi, . . . , Xn] over a field 
K of characteristic p > it is easy and one can find it directly (Theorem 14 .21) . 



4 An analogue of the inequality of Bernstein for the 
ring of differential operators V{Pn) with polynomial 
coefficients 

In this section, K is an arbitrary field of characteristic p > 0, Pn ■= K[ 
polynomial algebra, T) = V{Pn) is the ring of differential operators on P„. In this section, 
the concepts of filtration of standard type and of holonomic module are introduced, it is 
proved that the filter dimension of the ring V{Pn) is 1 f Theorem 14. 2|) and an analogue of 
the inequality of Bernstein is established (Theorem I4.3|) in prime characteristic. We start 
with recalling some facts and properties of higher derivations (Hasse-Schmidt derivations) 
which will be used freely in the paper. 

Higher derivations. Let us recall basic facts about higher derivations. For more 
detail the reader is referred to |10,, Sec. 27. 

A sequence 5 = (1 := id^, 5i, S2, ■ ■ ■) of i^'-linear maps from a commutative K-algehra 
A to itself (where id^ is the identity map on A) is called a higher derivation (or a Hasse- 
Schmidt derivation) over K from A to A if, for each k > 0, 

5k{xy) = ^ 5i{x)5j{y) for all x,y e A. (4) 

i+j=k 

Clearly, 5i G Derx(^). These conditions are equivalent to saying that the map e : A — > 
y4[[t]], X I— >■ ^j>o^i(^)^\ is a -fT-algebra homomorphism where v4[[t]] is a ring of power 
series with coefficients from A, or equivalently, that the map 

e : A[[t]] A[[t\], t^t, 5,{x)f {x G A), 

i>0 

is a i^'[[t]]- algebra homomorphism. Clearly, e is a /^[[t]]- algebra automorphism of ^[[t]], 
and vice versa (any automorphism e G Auti^[[f]](y4[[t]]) of the type e(a) = a + J2i>i 
yields a higher derivation (5j) where a G A). 

The set HSxiA) of all higher i^'- derivations from A to A is a subgroup of the group 
Aut/s:(y4[[t]]) of all i^-algebra automorphisms of ^[[t]]. It follows immediately that a higher 
derivation has a unique extension to a localization S^^A of the algebra A at a multiplicative 
subset S of A. 
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Let Vi^A) be the ring of differential operators on the algebra A and let {V{A)i}i^Q be 
its order filtration. Recall that V{A) = Ui>oV{A)i C EndK(^), 'D{A)o := End^(A) A, 
and 

V{A), := {/ G EndK{A) : fx-xf E V{A)i^i for all x G A}, z > 1. 
Let 5 = (6,) G HSi^(v4). By ©, 

5, Gl)(A)i, z>0, (5) 

since 6iX — x5i = X]j=o f*^^ all x G A and the result follows by induction on i. For 
each i > I and x E A, 

= e{xP') = e{xf = J^^kixff'P*, 

j>0 k>0 

and so Skpiix^') = 5k{xY' for all i,k > and x E A; and = for all j such that 

pi j/j (j^i (Joes not divide j). In particular, 5i{KA^'^^) = for alH > 1 and < / < 

The higher derivations {1, j^, . . .) G HSi^(-ft'[a;]) where d = Given a poly- 
nomial algebra K[x] in a single variable x over i^', the iiT- algebra homomorphism K[x] —>■ 
K[x][[t]], f{x) 1-^ f{x + t) = ^j>o fr(/)^\ determines the higher derivation (1, ^, fr, • • •) € 
HS/f If char(fs:) = then |f means but if char(if) =p>0 then 



^'(x^) = (' (6) 



where Q) is the binomial in characteristic p: (*.) = if j > i, and for j < i, let j = '^jkp'^ 
< jfc < p, and i = ^ ikp'", < ifc < p. Then 



M TT Hfc 



n ■ 



where Q^) = if jfc > ik, and = ^.^,(.'^''1^.^-), if jk < it- The formulas ® and (0) are 
obvious when one looks at the following product: 



k /fc=0 ^^^^ ^ ^'^^ 



where the sum runs through all /o;^i; • • • that satisfy < /q ^ ^o? < /i < ii, . . .. The 
binomials in characteristic p > has a remarkable property - the translation invariance 
(with respect to the p-adic scale): 



p^i \ It 



k>0. 
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This follows directly from ©. By ©, Q) ^ iff 4 > jk for all k. It follows that = 

for all i > 0. 

Remark. Though = but |^ 7^ since ^(x^) = 1 and ^ is not a derivation as 
^{x)xP~^ + = (recall that if 5 a derivation then so is S^). 

A higher derivation 6 = {6i) G RSxiA) is called iterative if 6i6j = for all 

i,j > 0. Then a direct computation shows that 

Sf = for all i > 1, (9) 

Sf = 6,---S,= Q ■ ■ ■ = 06p, = 0. For ^ = 1, we have 6{ = 0. The higher 

derivation (^) G HSx(-ft'[a;]) is iterative as follows directly from the definition of (^). 

Given 6 G Der^lA), then 6p G Der^lA) and, for any a e A, {a6)P = a^b^ + [aSf'^{(i)b 
(the Hochschild's formula, [lOj, 25.5). In the algebra V{Pn), for each i = 1, . . . , n, (9f = 0, 
and therefore, 

(xidiY = Xidi. (10) 

The higher derivations (1,^,^,...) G HSx(P„), i = l,...,n. The i^-algebra 
homomorphism P„ Pn[[t]], 

f{xi, ...,Xn)^ /(Xi, . . . , Xi-i, Xi + t, Xi+i, . . . , x„) = ^ 'k}.^^^^^' 

i>0 

gives the higher derivation (1,^,-^,...) G IIS/<(P„). If char(_ft') = then means 
{k\)~^df, but if char(_ft') = p > then repeating the proof of (jHl), we see that 

for all Z > A; > 1 and I < i, j < n where 6ij is the Kronecker delta; and -^(x^) = if A; > /. 

For an ideal / of the polynomial algebra P„, I[[t]] is an ideal of the algebra P„[[t]], and 
the factor algebra P„[[t]]//[[t]] ~ P„//[[t]]. The set HSx(P„, J) := {e G HSi^(P„) | e(/[[t]]) = 
/[[t]]} is a subgroup of the group HSx(Pn)- Note that 

e(/[[t]]) = /[[t]]^e(/[[t]])C/[[t]]. (12) 

The implication (=^) is obvious. The reverse implication follows immediately from the fact 
that, for any i^-algebra A and any higher derivation 6 = (1, 5i, . . .) G B.Sk{A), the inverse 
automorphism to the automorphism e(a) := ^5j(a)t* has the form 

e-\a) = a + S[{a)t + ■■■ + 5.(a)f + • • • (13) 

where (5- = J2 ^^ij is a finite sum where Uij is a product of certain 6k th. Note that 
e(/) C /[[t]] iff Si{I) C / for alH > 1 where e{p) = ^5i{p)t\ Then the inclusion e(/) C 
/[[t]] implies the inclusions 6"^/) ^ e-\I[[t]]) C /[[t]]. Therefore, e±^(/[[t]]) C I[[t]], and 
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so e{I[[t]]) = I[[t]]. Therefore, HSx(P„, J) := {e G HS;^(P„) | e(J[[t]]) C I[[t]]}. Then it 
follows that the set hsxiPn, I) '■= {e G HSi^(P„) | e(P„) C P„ + is a normal subgroup 

of HSx (Pn, -^)- The kernel of the canonical homomorphism of groups 

RSKiPn, I) HSk(P„//), e^{p + I^ e{p) + I[[t]]), (14) 

is equal to hsxiPn, I), and so the map in the proposition is a group monomorphism. 

Proposition 4.1 The map 

RSKiPn, I)/hSK{Pn, I) - HSk(P„//), 6 ■ hs^(P„, /) ^ (p + / H-> e{p) + I[[t]]), 

is an isomorphism of groups. 

Proof. It remains to show that the map is surjective. Given e G HSxiPn/I)- For each 
i = 1, . . . ,n, e{xi + I) = Xi + I + X]j>i(Pjj + -^)'^"' ^^r some Pij G P„. The automorphism e 
can be extended to an element e G HSi^(P„) setting e(a;i) = Xi + YljyiViji^ such that the 
element e is the image of the element e under the homomorphism ([TUl . This proves the 
surjectivity. □ 

Suppose, for a moment, that char(i^) = 0. Then the ring of differential operators T>{Pn) 
is, so-called, the Weyl algebra An = K{xi, . . . , di, . . . , dn), has the standard filtration 
{An^i = ©|Q,|+|/3|<i -^3;"(9^}j>o associated with the set of canonical generators Xj, dj := 

where a = («!,...,«„), /3 = (A, . . . , /5„) G N", := 9^ := 

|a| := «! + ■ ■ ■ + a„. 

The polynomial algebra P„ as the left y4„-module has the standard filtration {Pn,i '■= 
An,iK = 0|^|<. Kx'^}. For each z > 0, 

, fi + 2n\ (i + 2n)(z + 2n-l)---(i + l) , „ + 

and so GK (An) = 2n and GK (P„) = n. The associated graded algebra 

gr(A„) := ©i>0^n,iMn,i-l = ^[^1, . . . ,X„,9i, . . . ,9„] 

is isomorphic as a graded algebra to a polynomial algebra in 2n variables with usual grading. 
If char(i^) = p > then the ring of differential operators V := V{Pn) on P„ is an 

algebra generated by xi, . . . ,x„ and commuting higher derivations i = 1, . . . ,n and 
k > 1 that satisfy the following defining relations: 

^''^'''^■^"^A;!' /l^" ' A;! /! ~ V A; ) {k + l)V ^ kl'""'^ ~ {k - 1)V ^ ' 

for alH,j = 1, . . . ,n and A;, / > 1 where 6ij is the Kronecker delta and := 1. We will 
use also the following notation: df^ •= §r- 
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The involution *. The if-linear map * : V ^ V, Xi ^-^ Xi, d^' i-^ (— , i — 

1, . . . ,n, j > 1, is an involution of the algebra V (a** = a and (ab)* = b*a*). So, the algebra 
P is a symmetric object, its 'left' and 'right' properties are the 'same'. In particular, the 
categories of left and right D- modules are 'identical'. 

The r'(P„)- module P„. The polynomial algebra Pn is a (left) Endii-(P„)- module, 
T>{Pn) is a subalgebra of Endx(P„), and so P„ is a (left) 'D(P„)-module. The V{Pn)- 
module P„ is canonically isomorphic to the factor module T^{Pn) / Y^o^tp^^n T^{Pn)^- 

The algebra T) is not finitely generated and not a (left or right) Noetherian. It follows 
from the relations that F = {Pj := ©|a|+|/3|<i -^^"^} ^ finite dimensional filtration for 

the algebra T> where := ^hr ■ ■ ■ ^r- 

° P- PV- Pn- 

Definition. The filtration P = {Pj} is called the canonical filtration on V{Pn). If 
M = VMq (dimi^(Mo) < oo) is a finitely generated "D-module then the finite dimensional 
filtration {Mj := PjMo}i>o is called the canonical filtration of M. 

In characteristic zero, this filtration coincide with the standard filtration {Anj}. The 
canonical filtration is *-invariant: P* = P, i.e. F* = Fi for all i > 0. 

Definition. A (finite dimensional) filtration {P/}t>o on the algebra T) which is equivalent 
to the canonical filtration P is called a filtration of standard type of T). If M = VMq 
(dim/s:(Mo) < oo) is a finitely generated P- module then the finite dimensional filtration 
{P/Mo} is called a filtration of standard type of M. 

Filtrations of standard type in prime characteristic are correct generalizations of stan- 
dard filtrations in zero characteristic. Each canonical filtration is a filtration of standard 
type. 

The polynomial algebra P„ as a left P-module has the filtration of standard type 
{FiK — Pn,i}- Since dimPj = dim74„ j and dimPjX = dimP„ j, 

Dim(D(P„)) = 2n and Dim(P„) = GK (P„) = n. 

Note that the Gelfand-Kirillov dimension GK (T>(Pn)) = n, not 2n. The associated graded 
algebra grV := ©j>oPi/Pi-i (P-i := 0) is a commutative algebra which is not a finitely 

generated algebra, the nil-radical n of the algebra giV is equal to i^^^„ Kx"^ and 
gr{V)/n ~ K\xi, . . . ,Xn\ is a polynomial algebra. 

Theorem 4.2 Let P(Pn) be the ring of differential operators with polynomial coefficients 
Pn = K[xi, . . . ,Xn] over a field K of characteristic p > 0. Then d(r'(P„)) = 1 where 
d = fd, Ifd, ud, lud. 

Proof. Let v = vp he the return function of the algebra T) = V{Pn) associated with 
the canonical filtration P = {Pj} on V. Let us prove that z/(i) < i for all i > 0. We 
use induction on i. The case i = is obvious as Fq = K. Suppose that i > and the 
statement is true for all i' < i. Let a G Fi\Fi_i. Then a = ^aapx"'^ with \a\ + \P\ < i 
and aai3 £ K. If there exists a coefficient aa/s 7^ for some /3 7^ 0, i.e. Pj ^ for some 
J, then applying the inner derivation adxj of the algebra D to the element a we have a 
nonzero element x^a — axj e Pj-i, then induction gives the result. 
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Now, we have to consider the case where aa/s = for all /? 7^ 0, that is a G Pn,i\Pn,i-i- 
Then there exists a variable, say x^, such that deg^^. (a) > (the degree in Xj) and a unique 

integer A; > such that p'^ < deg^^. (a) < p^^^. Then applying the inner derivation adS]^ ^ 

of the algebra T) to the element a we have a nonzero element d^J* — ad^J' ^ G F^_pk, and 
again induction finishes the proof of the fact that < i for all i > 0. It follows that 
1 > id{V) > diV) (see (HD). 

The I^-module P„ has dimension Dim(P„) = n. By Theorem 13.11 

2n = Dim(D) < Dim(P„)(d(I?) + max{d(D), 1}) 
< n(d(P) + max{d(P),l}), 

and so d{T>) > 1. Then d{T>) = 1, as required. □ 

Theorem 4.3 (An analogue of the inequality of Bernstein^ Let M be a nonzero 
finitely generatedV{Pn) -module where K is afield of characteristic p > 0. ThenDim{M) > 
n. 

Proof. By Theorems 13.11 and 14.21 

^ Dim(r'(P„)) 2n ^ 

Dim M > ^ ^ " = — = n. □ 

^ ^ - 1+1 n 

So, for any nonzero finitely generated P(P„)-module M: n < Dim(M) < 2n. Any 
intermediate natural number occurs: for n = 1, Dim(Pi) = 1 and Dim(P(Pi)) = 2. For 
arbitrary n, P(P„) = P(Pi) ® ■ ■ ■ ® P(Pi) {n times). Clearly, Dim(Pf ' ® P(Pi)®("^")) = 
s + 2{n — s) = 2n — s. When s runs through 0, 1, ... n, the number 2n — s runs through 
n, n + 1, . . . , 2n. 

We say that a function / : N — N has polynomial growth if there exists a polynomial 
p{t) G Q such that f{i) < p{i) for i 3> 0. If a function has polynomial growth so does any 
function which is equivalent to it. We say that a filtration {Vi} has polynomial growth if 
the function dim^^ Vi has. 

Definition. A finitely generated X'(P„)-module M is called a holonomic module if 
there is a filtration of standard type on M that has polynomial growth. 

Since all filtrations of standard type are equivalent, a finitely generated T'(P„)-module 
M is holonomic iff all filtrations of standard type on M has polynomial growth. It follows 
from the definition that the class of holonomic I'(P„)-modules is closed under sub- and 
factor modules, and under finite direct sums. 



5 Description of finitely presented P(P^)-modules, mul- 
tiplicity and (Hilbert) almost polynomials 

In this section, we show that in prime characteristic finitely presented T'(P„)-modules be- 
have similarly as finitely generated P(P„)-modules in characteristic zero: for each finitely 
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presented V{Pn)-Taodu\e M, the Poincare series of it is a rational function, though its 
Hilbert function is not a polynomial but an almost polynomial and the degree of it coin- 
cides with the dimension Dim(M) of M (and if M 7^ then the dimension Dim(M) can 
be any natural number from the interval [n, 2n], this gives another proof of an analogue of 
the inequality of Bernstein for finitely presented P(Pn)-iiiodules, Theorem 15 .Sj) . and the 
multiplicity exits for M f Theorem I5.5p . The differences are (z) in prime characteristic, 
finitely presented T'(P„)-modules have transparent structure and are described by Theo- 
rem EiH but in characteristic zero the category of finitely generated P(P„)-modules is far 
from being well-understood, (ii) for each natural number d such that n < d < 2n, there 
exists a cyclic finitely presented X'(Pn)-niodule M with Dim(M) = d and with arbitrary 
small multiplicity. Lemma 15.61 (in characteristic zero, multiplicity is a natural number), 
though the multiplicity of every holonomic finitely presented P(P„)-module is a natural 
number f Theorem 18. 7|) . (iii) and what is completely unexpected is that each simple finitely 
presented P(P„)-module is holonomic fCorollarv 15. 8|) . and if, in addition, the field K is 
algebraically closed that the multiplicity is always 1 fCoroUarv 16. 8|) . 
Let K be an arbitrary field. 

Quasi and almost polynomials. A function / : N ^ N is called a quasi-polynomial 

with a period k if there exist k polynomials Ps{t) G Q[t], s G Z/fcZ, such that 

f{i) = pi{i) for all i > 0, 

where i := i + fcZ G Z/A;Z. We say that the quasi-polynomial / has coefficients from a set 
S* C Q if all the polynomials pi belong to 5*. 

A quasi-polynomial / = (po? • • • iPk-i) is called an almost polynomial if all the poly- 
nomials Pi have the same degree deg(/) and the same leading coefficient lc(/) which are 
called respectively the degree and the leading coefficient oi f. e(/) := deg(/)!lc(/) is called 
the multiplicity of /. Then f(i) = ^^i'^ + ■ ■ ■ , z ^ where d = deg(/), and the three dots 
mean 'smaller' terms. 

A function / : N — > N is called a somewhat polynomial if there are two polynomials 
p, g G Q[t] of the same degree d such that p{i) < f{i) < q{i) for all i ^ 0. Then d is called 
the degree of /. 

Somewhat commutative algebras. A fC-algebra R is called a somewhat commuta- 
tive algebra if it has a finite dimensional filtration R = Uj>oPj such that 1 G Pq the 
associated graded algebra grP is an affine commutative algebra. Then the algebra P is a 
Noetherian finitely generated algebra. Let us choose homogeneous Po-algebra generators 
of the Po-algebra grP := (Bi>oRi/ Ri-i, say yi, . . . ,ys of graded degrees 1 < ki, . . . ,ks 
respectively (that is yi G RkJ Rk,-i)- A filtration V = {Ti}i>o of an P-module M is called 
a good filtration if the associated graded gr P-module grp(M) := ©j>orj/rj_i is finitely 
generated. An P-module M has a good filtration iff it is finitely generated, and if {F,} 
and {Qi} are two good filtrations on M, then there exists a natural number t such that 
Tj ^ ^i+t and Qi C Fj+t for alH > 0. If an P-module M is finitely generated and Mq is a 
finite dimensional generating subspace of M, then the standard filtration {PjMo} is good. 
The first two statements of the following lemma are well-known by specialists (see their 
proofs in pi[. Theorem 3.2 and Proposition 3.3). 
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Lemma 5.1 Let R — [Ji>oRi be a somewhat commutative algebra, k — \cm{ki, . . . ,ks), 
M be a finitely generated R-module of Gelfand-Kirillov dimension d — GK (M) with good 
filtration T — Then 

1. dimx(rj) = ^^^^'^ + • • • is an almost polynomial of period k with coefficients from 

where e(M) G is called the multiplicity of M. The multiplicity does not 
depend on the choice of the good filtration F. 

2. The Poincare series of M, Pm(<^) '■— X]i>o ^ Q(<^); ^ rational function 
of the form ^^^^1^^-^ where f{uj) e Q[uj] . The Pui^^) has the pole of order d + 1 at 
uj — 1, and e{M) — ep^ where ep^ :— (1 — coY'^^ PM{i^)\u>=i is called the multiplicity 
ofPu. 

3. If the elements yi, . . . ,yt are nilpotent then the two previous statements hold replacing 
the number k by \cm{kt+i, . . .kg). 

4- In particular, if all non-nilpotent generators of the algebra gr R have degree 1 then 
Pm{^) = fof some polynomial f{uj) e Q[a;] such that e{M) — /(I) e and 

dim^(ri) = ^i'^ + • • • /or i > is a polynomial of degree d with coefficients from 

Proof. 3. Repeat the original proof taking into account that the algebra Ro{yi, . . . , yt) 
is finite dimensional. 

4. This statement is obvious. □ 

Corollary 5.2 Let P,Qe Q{uj) be rational functions having the pole at u = 1 of order n 
and m respectively. Let ep > and eg > be the multiplicities of P and Q respectively. 
Then n + m — 1 and epsg are the order of the pole at cu — 1 and the multiplicity of the 
rational function (1 — uj)PQ respectively. 

Proof. The first statement is trivial, then the multiplicity of the rational function 
(1 - uj)PQ is equal to (1 - 0;)"+"*-^! - uj)PQ\uj=i = (1 - a;)"P(l - a;)™Q|^=i = epeq. □ 

Till the end of the section K is an arbitrary field of characteristic p > 0. 

The algebras A^. For each e = {ei,...,en) G {±1}", consider the commutative 
subalgebra A^ := A^-^ • ■ ■ ® A^^ of the ring of differential operators P(P„) = T>{Pi) ® • ■ ■ ® 
V{Pi) where A,^ := K[xi], if Ei = 1, and A,, := K[d*] = K[dl^\df\ . . .], if Ei = -1. The 
algebra A^ is a tensor product of commutative algebras A^^. Each of the tensor multiples is 
a naturally N-graded algebra: K[xi] = ®j>oKx{ and K[d*] = ®j>QKd^^ \ So, the algebra 
Ae is a naturally N"-graded algebra with respect to the tensor product of the N-gradings: 

A, = , I'^f =(^^^\ for all a,Pe N", 
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where T := := • ' -^n", - ^T, if = 1, and 1^' := if Si = -1. ("J^)^ := 
nr=i ("'^''') where Q) ^ := Q) and Q)^ := 1. The e- binomials are translation invariant: 

\ /"^ for all A; > and Q;,/3eN". (16) 



For each A; > 0, ^ := ©,gp,„ Kl^^^ is a subalgebra of A^. The translation invariance of 
the ^-binomials implies that the i^T-linear map 

A, ^Ab'"], r^rp\ aeW, 

is a K- algebra isomorphism. There exists the descending chain of subalgebras of A^: 

A, := Af 1 D AW D • • • D Af 1 D • • • , nfc>oAf 1 = X. 

For each /c > 0, let A^^ipk^ := 0^<pfe AT/" = K^Ip"] ® ■ ■ ■ ® A^„jpfe] where p'^ := (p^ . . . ,/), 
and q; < p'^ means that < ai < p*^,...,0 < < P*^- dimx(A£_[pfc]) = p"*^. The 
vector space A^ [^fc] is an algebra iff £ = (—1, . . . , —1), and, in this case, A(-i,...-i),\pi<:] — 
A_i [pfc] <S) ■ ■ • <S> A_i [pfc] is the tensor product of commutative finite dimensional algebras 
where each tensor multiple, say i'th, 

A_i,p. = K{df^) ® K{df') ® K{df) K{df'') ~ {K[t]/{tP)f' 

is the tensor product of commutative local finite dimensional algebras since K{df' ^) ~ 
K[t]/{tP) as {df^)P = 0, s > 1. Clearly, 

K,\pO] ■ ^ K c Agjp] c ■ ■ ■ C Agjpfc] C • • • , Ae = Ufc>oA£jpfe], 
A, = A,,[,.]Afl=A,,[,.]®Afl=Af]®A,,[,.], A; > 0, 

and A^ [pfcjAg [pi] C A^ [pmax{fc,i}] for e = (—1, . . . , —1) and all A;, / > 0. 

The subalgebra A := A_i = K[d'^^\ d^'^\ . . ] of the algebra V{K[x\) is not a finitely 
generated algebra (since A = Ufc>oA[pfc] is the union of its proper subalgebras), it is not a 
domain (its nil-radical n(A) is equal to A_|_ := ©j>iA'(9l"'l), it is not a Noetherian algebra as 

A[p],+ ® A^'^ c A[j,2]^+ ® Af^'l c • • • c A[pfc]^+ ® A^"^ c • • • 
is a strictly ascending chain of ideals of the algebra A where A^pk] _,_ := (B^j^i^Kd^\ and 

A/(A[pfe],+ ® Al^'l) ~ (A/A[p.],+) ® Alf'l ~ X ® Alf'l ~ AI^*"! ~ A, A; > 0. 

In spite of the fact that the algebra A^, e = (—1, .... —1), is 'zero dimensional' (A£/n(A£) = 
A^/A^ ^ = K), it has the rich non-trivial category of modules which in turn the ring of 
differential operators T>{Pn) inherits as a subcategory (via inducing). 
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The algebra is Noetherian iff e = (1, . . . , 1) (in this case, it is P^, a finitely generated 
Noetherian domain). If e ^ (1, . . . , 1) then the algebra is not finitely generated, not 
Noetherian, and not a domain. 

The subalgebras P(P„)[^ ^ and A^pk] (g) P„. For each e = (ei, . . . ,£n) G {±1}"", 

P(P„) = A, ® A_, = ( Klf) ® ( Kf,) = Kl^ ® (17) 

as ir-modules. For A; > 0, the vector space V{Pn)f^ := Af^ ® a[^'^ = A^'^ ® Ai^'^ is 
a subalgebra of 'D{Pn) canonically isomorphic to the i^-algebra V{Pn) via the i^-algebra 
isomorphism: 

This follows directly form the translation invariance of the e-binomials and from the defin- 
ing relations (jl5p for the i^'-algebra T'(Pn) since the A'-algebra D(P„)i^ ^ is generated by the 
elements Xj* , . . . , , d^^ dn^ > 1, that satisfy the relations (P3|) . these relations 
are defining because of the decomposition (fTTj) . It is obvious that V{Pn)f ' = V{Pn)^, ' 
for all e and e' but the decompositions (jl7|) are all distinct and they will be used later 
in constructing various modules. So, we drop the subscript e. There exists a descending 
chain of isomorphic subalgebras of V{Pn): 

P(P„) := P(P„)[^''] D V{PjP^ D I?(P„)[^'l D---D ViPj^'^ D ■ ■ ■ , (18) 

and nfc>or'(P„)[^'l = K. So, the i^-linear map 

P(PO^P(P„)[^^ x.^xf, ^F^^^p'!, (19) 

is a i^-algebra isomorphism. 

For each k > 0, the vector space I'(P„)e [pfc] := A^ [pk] ® A_£ [pk] = A_£ [p^] ® A^ [pk] has 
dimension p^"'^ over iT. Again, it does not depend on e, and so we drop the subscript e, 
P(P„)^.] := P(P„),,[p.] = e„<p.,^<p. Kx-d^^^ = e,<p.,^<p. K^x^. Clearly, 

if =: P(P„)[pO] C I?(P„)[p] C P(P„)[p2] C ■ ■ ■ , P(P„) = Ufe>oP(P„)[p.], 

V{P^) = P(P„)[p.] ® P(P„)[P'] = V{PjP'^ ® ^^(Pn)^, > 0, 

and V{Pn)[pk] T'(P„)[p!] C T'(P„)[pfe+i], for all k,l > 0. 

The case e = (— 1,...,— 1) and the subalgebras A[pfc] ® Pn- In this case, we write 

A := A(_i,...,_i), A[pfc] := A(_i,...,„i)jpfc], and AIp'1 := A^l^^^^^^.^y Then I?(P„) = A ® P„ = 
P„ ® A and V^Pn) = Ufc>oA[pfc] P^ is a union of subalgebras: 

Pn := A[pO] IS) Pn C A[p] ® P„ C A[p2] (g) P„ C ■ ■ • , A[pfc] (g) P„ = P„ (g) A^p*], 
I?(P„) = AlP'l ® (A[pfc] ® P„) = (A[pfc] ® P„) ® Al^''], A; > 0. 
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For each A; > 0, the algebra A^k-^ P„ is a free left and right P„-module of rank p"*^, 

it is a finitely generated Noetherian algebra having the centre :— K[x\ , . . . , ]. The 

algebra A^kj^Pn is a free Zk-module of rankp^'^^ since A^k^®Pn = A[pk]^{Q)a<p''Kx°')<S>Zk. 
On the algebra A^k^ (g) P„, and one can consider the induced filtration from the canonical 
filtration F = {Fj} on the algebra V{Pn): 

r, = {rfe,,:=A[,.]®P„nF,= Kx^d^^^^ Kd^^^x^}. (20) 

/3<pMaH-|^|<i ^<pMa|+|/3|<i 

The associated graded algebra gr{A^kj ® P„) is naturally isomorphic (as a graded algebra) 
to the tensor product of the commutative algebras A^k^ (8) Pn equipped with the tensor 
product of the induced filtrations (from the canonical filtration on T>{Pn)). In particular, 
gr(A[pfc] ® Pn) is an o-ffine commutative algebra with the nil-radical A[pfe] + ® Pn (where 
A[pfc] := ®o^/3e-p^Kd^^'^) which is a completely prime ideal (a prime ideal is a completely 
prime if the factor ring modulo the ideal is a domain) since 

gr(A[pfc] ® P„)/A[pfc]^+ (8) Pn ^ (A[j,fc]/A[pfc]_+) ® P„ ~ X (g) P„ ~ P^. 

The algebra gr(Ajpfc] ® Pn) = (Bi>oGi is positively graded (with only finitely many nonzero 
components) where 

Gi^ Kx'^d^f^l 

/3<pMa|+|/3|=i 

For a ring R and a natural number n > 1, Mn{R) is the ring of n x n matrices with entries 
from R. 

Lemma 5.3 Let K be a field of characteristic p > 0, and Tk := Tfc^„ := A]^k^ ® Pn, k >0. 
Then 

1. The algebra Tk is a somewhat commutative algebra with respect to the finite dimen- 

^ k 

sional filtration % = {7^ j} having the centre Zk = K[x{ , . . . ,x^] and GK (T^ „) — 
n. In particular, T^ is a finitely generated Noetherian algebra, and T^^n — T^i- 

2. The Poincare series of Tk, Pt, = Ei>o dim/f (T^.i)^' = ^'^"^i-Vh-"''"^" 
multiplicity e{Tk) —p^"^. 

3. The Hubert function ofTk is, in fact, a polynomial dimi^(7fc j) = ^i"^ + • • • ? i ^ 0. 

4. Let Zk = K{x\ , . . . ,x^) be the field of fractions of Zk- Then T\. :— Zk Tk — 
Mpkn{Zk), the matrix algebra. 

5. The algebra Tk is a prime algebra of uniform dimension p^^, and the localization 
S'^Tk of Tk at the set S of all the non-zero divisors is isomorphic to the matrix 
algebra Mpkn{Zk). 
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6. The algebra Tk is preserved by the involution *, = T^, and so the algebra Tk is 
self-dual. 

7. The algebra T^ is faithfully flat over its centre. 

8. The left and right Krull dimension of the algebra Tk is n. 

9. The left and right global dimension of the algebra T^ is n but the global dimension of 
the associated graded algebra gr(Tfc) is oo if k>l. 

Proof 1. P„ is a subalgebra of Tk, and so n = GK (P„) < GK(Tfc). Tk is a finitely 
generated Z^-module, and so GK (Tk) < GK (Zk) = n. Therefore, GK (Tk) = n. 
2 and 3. These statements are obvious (see Lemma I01 and Corollary 15. 2^ . 

4. The 2^fc-algebra = ®Q,^<pfc ZkX°'d^^'' has dimension p^"-^ over the field Zk- Con- 
sider the Tfc-module U := Tk/{Pn ® — Pn® (^[p'=]M[p'=],+) ^ Pn ® K c::^ P„l where 
1 is the canonical generator of U. The T^-module U' := Zk ®Zk U = 0a<pfc Zkx"^! is 
simple (use the action of d^^^ on dim^^(f/') = p"'^ = ^^/^^mzJT^, and EndT'^(t/') ~ 
no</3<pfc ann c^t^l — Zk. Therefore, ~ Mpkn{Zk). 

5. Since Zk\{0} C S, it follows from statement 4 that S~^Tk ^ ^ Mpkn{Zk), which 
implies that Tk is a prime algebra of uniform dimension p^'^. 

6 and 7. These statements are obvious. 

8. By statement 6, the left and right Krull dimension of Tk are equal. By statement 
7, K.dim (T^) > K.dim (Zk) = n. The algebra Tk is a finitely generated Z^-module, hence 
K.dim (Tk) < K.dim (Zk) = n, and so K.dim (Tk) = n. 

9. Straightforward. □ 

Since the canonical generators of the commutative N-graded algebra gr(A[pfc] ®Pn) that 
are not nilpotent all have graded degree 1 the next result follows from Lemma f5. II 

Lemma 5.4 Let M be a finitely generated A^pk-^^Pn-module of Gelfand-Kirillov dimension 
d equipped with a standard filtration {Mj := 7^ jMo} where Mq is a finite dimensional 
generating space for M. Then dimxiMi) = ^^^^i'^ + ■ ■ ■ , i ^ 0, is a polynomial of degree d 
with coefficients from jjZ where e(M) eN is called the multiplicity of M. The multiplicity 
does not depend on the choice of a good filtration T. The degree d can be any natural 
number from the interval [0,n] (see Lemma \5.'J\] . 

Let V := 'D(Pn) and Tk := Ajpt] (8>P„. Consider free finitely generated (left) "D-modules 
and V where /i, > 1. The set B.omx>{T>^,V^) of all the P-module homomorphisms 
from to can be identified with the set of all /i x z/ matrices M^^,j{T)) with coefficients 
from T>. On this occasion, it is convenient to write homomorphisms on the right. Then 
M^^i,(V) = M^^u(Uk>oTk) = Uk>oM^^^{Tk) is the union of matrix algebras. Let M be 

a finitely presented P-module, that is M = coker(A) where — > V^, v i— » vA, v = 

(fi, . . . ,v^), and A G M^^^(V). Then A G M^^^(Tk) for some k, and M' := coker(T^ 
T^) is a finitely presented T^-module. Applying the exact functor V ~ to the exact 
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sequence of Tfc-modules — ^ M' — > one obtains the exact sequence of P-modules 

T^k^T^k^T^ ®n 0. Therefore, 

M-V®T, M', (21) 

and so each finitely presented V-module is isomorphic to an induced module from a finitely 
generated T^-module. The next result describes finitely presented P(-P„)-modules and gives 
as a result an analogue of the inequality of Bernstein for them. 

Theorem 5.5 Let M he a nonzero finitely presented T>{Pn) -module. Then M ~ V^Tk 
for a finitely generated T^-module M' . Let {M[} he a standard filtration for the T^-module 
M' from Lemma [5.^| and dimx(Mj') = ^^^-^i'^ + ■ ■ ■ for i ^ where d = GK (M'). Let 
{Mi := FjMq} he the filtration of standard type on the V{Pn)-module M. Then 

1. dimx(Mj) = pk^^^^^y 'i'^^''' + ■ ■ ■ is an almost polynomial of period p'^ with coefficients 
from and e(M) = e ^N. 

2. The dimension Dim(M) = n + d > n is equal to t — 1 where t is the order of the 
pole of the Poincare series Pm{uj) = ^^>q dimii-(Mj)co'* at the point uj = 1, and the 
multiplicity e(M) = (1 — uj)^^^^'^'^^^^Pm{uj)\uj=i- The dimension Dim(M) of M can 
he any natural numher from the interval [n, 2n] . 

Proof The subalgebra A^p'^ of V{Pn) has the induced filtration {A^'' := AIp'I n Fi = 
©p.|^l<,i^9[p'^]}. Therefore, 

P:=^dim;,(Af]K = - and ep := (1 - cf+^PU^i = 4- 

It follows from the equality M = AIp'I ® M' that Mi = Y.j+k<i^T^ ^'k- Therefore, R := 
^.>odimi^(Mi)cu^ = {l-uj)PQ where Q := ^.>o dimx(M/y . By CorollaryES e(M) = 

en = epCQ = ^e(M') and Dim(M) = n + > n, and so dimi^(Mi) = ^p^r^^i'^^'^ H , 

by Lemma (5. 1[ The rest is obvious f Lemma 15. □ 

Lemma 5.6 For each s = 0, 1, ... ,n - 1, P(P„) = V{Pi) ® P(Pi)®" ® r'(Pi)®("-"-i). 
For each k E N, consider the cyclic finitely presented V[Pn)-module M{k,s) := M{k) ® 
V{Pi)^' ® y^/^g^g ^(^j^^ ._ 2)(p^) Tk/TkA[pk]^+ is the V{Pi)-module. Then 

DimM(A;, s) = n + 1 + s and e{M{k,s)) = So, the multiplicity of a non-holonomic 
finitely presented V{Pn)-module can he arhitrary small (for each possihle dimension n, . . . ,2n). 

Remark. By contrast, the multiplicity of each holonomic finitely presented V{Pn)- 
module is natural number fTheorem 18. 7|) . 

Proof The T^-module N := T^/T^Ajpfc]^^ = Pil ~ p^Pi has the standard filtration 
{Ni := Tk,il = 05^0 Kx{l}. Therefore, dim^lA^'i) = 2 + 1, and so GK (A^) = 1 and e{N) = 
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1. By Theorem EH Dim(M(A;)) = 2 and e{M{k)) = ^. The P(Pi)®^ ® ©(P^^^^-^-i)- 

module V{Pi)^^ ® A^^"" ^'^ has dimension 2s + n — s — l=n + s — 1 and multiphcity 1. 

Using Corollary 15. 2^ we have Dim(M) = 2 + n + s — 1 = n + 1 + s and e(M) = ^ ■ 1 = ^. 
□ p p 

Corollary 5.7 i?ac/i short exact sequence N ^ M — s>L^O of finitely presented 
T)[Pn) -modules is obtained from a short exact sequence ^ N' —>■ M' —>■ L' —>■ of finitely 
presented T^-modules for some k > by tensoring on V{Pn) (giT^ —■ 

Proof. Let V := T>{Pn). The I'-modules N, M, and L are finitely presented, so one 
can fix a commutative diagram 

— >■ — s> ^^'^i'^'^^ _^ g 

— * — >■ x^"^^"^ — > X*"^ — > 



with exact rows and columns. One can find a (large) k such that all the matrices that 
correspond to the (six) maps between D*'s have coefficients from the algebra T^. The 
diagram above is obtained from the following commutative diagram (with exact rows and 
columns) of T^-modules (with the same matrices = maps) 

^ 
^ 
^ 



by tensoring on T> ®Ti. ~ • D 

Corollary 5.8 Each simple finitely presented V{Pn)-module is holonomic. 
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Proof. Let M be a simple finitely presented P(P„)-module. By Theorem 15. 5| M ~ 
T^{Pn) ®Tfe M' for a finitely generated T^-module M' which must be simple. The algebra 
Tfc is a somewhat commutative algebra which is finitely generated module over its centre Z 
which is an affine algebra. Therefore, by the Quillen's Lemma (^1], 9.7.3), every element of 
EndT;,(M') is algebraic, this implies that each simple T^-module is finite dimensional over 
the field i^T, and so d = GK (M') = 0. By Theorem 15.51 M is a holonomic P(P,i)-module. 
□ 
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Theorem 5.9 Let M be a nonzero finitely presented ^{Pn) -module. The following state- 
ments are equivalent. 

1. M is a holonomic V{Pn) -module. 

2. Dim(M) = n. 

3. Dim(M) < n + 1. 

Proof. The implications 1 ^ 2 ^ 3 are obvious, and the implication 3^1 follows 
from Theorem 15.51 □ 

Remarks. 1. If a finitely generated P(P„)-module M is not finitely presented that 
Theorem 15.91 is not true. There exists a cyclic non-holonomic P(Pn)-niodule M with 
Dim(M) = n (Proposition 19. and there are plenty of cyclic I'(P„)-modules having 
dimension d such that n < d < n + 1 f Theorem 19. lip . 

2. In characteristic zero, the multiplicity of a holonomic P(P„)-module is a natural 
number, so it can't be arbitrary small. This is the reason why each holonomic P(P„)- 
module has finite length. Though the same is true in prime characteristic (Theorem 19. (jj) . 
Theorem 15.51 does not give a uniform lower bound for multiplicity of holonomic finitely 
presented P(Pn)-modules, so one cannot repeat the arguments of the characteristic zero 
case even for finitely presented modules. Note that there are plenty of holonomic modules 
that are not finitely presented. 

Theorem 5.10 Let K he a field of characteristic p > 0, and O^N—*M—>-L^O be a 
short exact sequence of finitely presented T>{Pn) -modules . Then 

1. there exist finite dimensional filtrations {Ni}, {M^}, and {Li} on the modules N, 
M , and L respectively such that the last two are filtrations of standard type and the 
first one is strongly equivalent to a filtration of standard type on N and such that 
dimx(Mi) = dimi^(A^i) + dim.K{Li), i > 0. 

2. Dim^(M) = max{Dim(A^),Dim(L)}. 

3. Precisely one of the following statements is true 

(a) Dim(A^) < Dim(M) = Dim(L) and e(M) = e(L), 

(b) Dim(L) < Dim(M) = Dim(A^) and e(M) = e(A^), 

(c) Dim(A^) = Dim(M) = Dim(L) and e(M) = e(A^) + e(L). 

Proof. 1. By Corollary 15.71 the short exact sequence O^N—>-M—>-L—>-0 
is obtained from a short exact sequence of finitely generated T^-modules ^ N' 
M' — >■ L' — »• by tensoring on V —. The algebra is somewhat commutative 
with respect to the induced filtration T from the canonical filtration F = {Pj} on the 
algebra T> = V{Pn). Let {M- := 7^ jMo} be a standard filtration on the T^-module M' and 
{L'i := Tfc^jLo} be its image on L' which is a standard filtration on L'. It is a well-known fact 
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that the induced filtration {A^^' := A^' fl M-} is good, and each good filtration is strongly 
equivalent to a standard filtration. Then dimx(Mj') = dimx(A^i) + dim^(L-), i > 0. 
Since V = At^''' (g) and the subalgebra A''^''] of V has the induced filtration {A|^ ' := 
Ab''] nE, = e^.i^i^^ir^tp'/^]}, it follows that {M, := F.Mq = ©p.|/3|+,<i ^f^'^' ® ^j) 
and {Li := FiLq = 0pfc|^|+j<j f^'^*'^^ ® -Z^j} are filtrations of standard type on M and L 
respectively, and that {iVj := ©pfc|^|+j<j •9'^''^' (S> N'^} is a finite dimensional filtration on 
that is strongly equivalent to a filtration of standard type on A^, and that dimxiMi) = 
dimi^(A^j) + dimK{Li), i > 0. This proves statement 1. 

2 and 3. These statements follow from statement 1 and Theorem 15.51 □ 

6 Classification of simple finitely presented D(P|i)-modules 

In this section, K is an arbitrary field of characteristic p > 0. 

In this section, a classification of simple finitely presented P(P„)-modules is obtained 
(Theorem lfj.7|l which looks particularly nice for algebraically closed fields (Corollary l(j.8j] . 
It will be proved that every simple finitely presented P(P„)-module M is holonomic, the 
endomorphism algebra Endx>(p„)(M) is a finite separable field over K, and the multiplicity 
e(M) is equal to dimx(Endx>(p„)(M)), and so it is a natural number f Theorem 16. 7|) . Plenty 
of holonomic T'(Pn)-modules will be considered. Some of the results of this section are 
used as an inductive step in proving an analogue of the inequality of Bernstein in Section 

M 

For an algebra A, A denotes the set of all the isoclasses of simple A-modules, and [M] 
denotes the isoclass of a simple A-module M. 

Let e = {ei, . . . , e {itl}", and let s be the number of positive coordinates of e. The 
algebra A^ is isomorphic to the tensor product Ps ® A(t) of the polynomial algebra Pg and 
A(t) := A®* where t = n - s. 

The nil-radical n(Ae) of the algebra A^ is Ps (g) A(t)_|_ since Pg A_|_(t) belongs to the 
nil-radical of the algebra A^, and Ae/{Ps A+(t)) ~ P., ® (A(t)/A(t)+) ~ P^. 

Lemma 6.1 1. Let A = A(_i Then K := A/A_|_ is the only (up to isomorphism) 

simple A-module. 

2. Let A(t) := A^^ and A^ ~ P^ (g) A(t) for some s > 1 such that s + t = n. Then the 
map Ps As, [L] [L = L A(t)/A_|_(t)], is a bijection. 

Proof. 1. Note that A+ is the nil-radical of the algebra A and A/A+ = K. Then 
A = A/A_|_ = K, and so i^' = A/A+ is the only simple A-module (up to isomorphism). 
2. Similarly, Ai;/n{Ai;) ~ P^. Therefore, A^ = P^, and the result follows. □ 
Given a ring A and its element a, let La{b) = ab and Ra{b) = ba. Then the maps 
(from A to itself). La, Ra, and ad a = — Pa commute. Therefore, = {La — ada)'^ = 
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Sj=o ifj^a ■'(—ad a)-', k > 0. Applying this identity in the case where a = Xi & A = 
V{Pn), we see that 

where ei := (1, 0, . . . , 0), . . . , e„ := (0, . . . , 0, 1) and then, for any polynomial / G P„, 

la'^' . /I = E £9"-"' + • • ■ = E £ + ■■•. (22) 

i=l * 1=1 * 

where the three dots denote an element of 'D{Pn)\i3\~^2 where {T>{Pn)i}i>Q is the order 
filtration on D(P„). 

For an algebra i?, R"'^ (or R°) stands for the opposite algebra {R = R°^ as vector spaces 
but multiplication in R°^ is given by the rule a ■ b = ba). 

Proposition 6.2 Let K be a field of characteristic p > 0, L be a simple A^-module. Then 

1. the induced V{Pn) -module V{Pn)<^A^L = ^^eN"^ 1°'®L is a holonomicV{Pn) -module 
with Kl"" ® L c:^ L as K -modules where A„£ = ®Q,gi^n Kl°'. If, in addition, the field 
K is perfect then the V{Pn)-module V{Pn) L is simple. 

2. Let F = {Fi} be the canonical filtration on T'(P„) and {FiL} be the filtration of 
standard type on the T>{Pn)-module T>{Pn) L. Then dimx(FjL) = dimi^(L) (*'|^") 
for all i > 0. 

3. If, in addition, the field K is perfect then the endomorphism algebra EndD(^p^){V{P„)®x^ 
L) is a finite field extension over K isomorphic to K if e = (—1, . . . , —1), and to 
V if e ^ (—1, . . . , —1) where in this case — Ps® A(n — s), s > 1, L = L' ® K 
(Lemma \6~l\] . 

4- The V{Pn)-module ^{Pn) L is finitely presented iff e = (1, . . . , 1). 

Proof. It follows from the decomposition V := T'(P„) = A_e (g) A^ = ® 
that M := V (8)a^ L ^ ©ag^" ® and Kl"" (g) L ~ L as i^-modules. Then it becomes 
obvious that, for z > 0, 

(MmK{FiL) = dimii'((A_e n Fi) (g) L) = dimi^(L) dim;^(A_£ n Pj) = dimK(I^) 

This proves statement 2 and the fact that M is a holonomic P-module. 

It follows from Lemma 16.11 that the P-module M is finitely presented iff so is the 
Ag-module L iff e = (1, . . . , 1). This proves statement 4. 

Let us prove simplicity of M in the case when the field K is perfect. If e = (—1, . . . , —1) 
then, by Lemma Ifi.H M = Pn with natural action of the ring V of differential operators 
on it, and so P„ is a simple D-module with Endx>(Pn) = n/3gNnkerp^(9f^l) = K. 



I + n 
n 
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It remains to consider the case when e ^ (—1, . . . , —1). In this case (up to order), 
= Pg ® A(i(:) for some s > 1, t = n — s. By Lemma 16.11 L = L' ® K for some finite 
field L' = Ps/xn over K where m is a maximal ideal of the polynomial algebra Ps. Now, 
P(P„) = V{Ps) ® V{Pt), V{Ps) = A{s) (g) Ps, and V{Pt) = Pt® K{t). The P(P„)-module 
M is the tensor product M, ® Mt of the P(Ps)-module Ms := V^Ps) L' A(s) ® L' 
and the P(Pi)-module Mt := V{Pt) ®A^t) A(t)/A(t)+ = V{Pt) (g)A^t) K ~ Pf Moreover, 
M ~ A(s) ®L'®Pt. Since Mf is a simple T'(Pt)-module with End;^(Mt) = K, to prove the 
fact that M is a simple P(P„)-module it suffices to show that Ms is a simple T'(Ps)-module. 
For each i = 1, . . . , s, the kernel of the if-algebra homomorphism K[xi\ Ps ^ L' = Ps/vci 
is generated by an irreducible polynomial, say pi. By the assumption, K is a perfect field, 
and so the polynomials pi and Pi •= ^ 7^ are co-prime. Therefore, the multiplication by 
p- yields an invertible i^-linear map from the field L' to itself. Let m be a nonzero element 
of Mg. We have to show that V{Ps)u = Ms. We use induction on the degree d of the 
element u = X]|/3|=d^'^' ® //? + X]|/3'|<d "^'^ ' ® h' where If^ G L' (not all are equal to zero) 
and Ip' G L' where (3,(3' G N*. The first sum is called the leading term of the element u. 
The case = is obvious. So, let d > 0. There exists (3 in the leading term of u such that 
its z'th coordinate is a nonzero one and ^ 0. By ()22|) . the element 

p,U=-J29^^~'''^^P'^h + ■■■^0^ 

\f3\=d 

has degree < d. Now, by induction, V{Ps)piU = Ms, and so V{Ps)u = Ms, as required. 
This finishes the proof of the first statement. It follows that n^^^ker(pj) = L' in Ms 
where pi : Ms Ms, v t— > piV, which implies that aniiM^ivn) = L', but annAf^(m) ~ 
Endx>{p^){Ms)°^ (here we write endomorphisms on the same side as scalars, i.e. on the 
left). Now, 

Endp(M)°P ~ annM(m)nannM(A(t)+) = {K®L'®Pt)r\{A{s)®L'®K) = K®L'®K ~ L' . 

This proves statement 3 in the case e ^ (—1, . . . , —1). The case e = (—1, . . . , —1) has been 
considered already. The proof of the proposition is complete. □ 

For any algebraic field L over K, let L'^'^^ be the maximal separable subfield of L over 
K, U'^P is generated by all the separable subfields of L over K. 

If the field K is not necessarily perfect then the induced module from Proposition 16.21 
is not a simple module but rather semi-simple and its endomorphism algebra is not a 
field but rather a direct product of matrix algebras with coefficients from separable fields 
f Lemmas 16.31 and Corollarv 16. 5|) . To prove these facts, first, we consider the simpler 
case when n = 1. A simple Pi-module L is, in fact, a field L = K[x]/{g) where Pi = K[x] 
and g{x) := f{x^ ) is an irreducible polynomial such that f{t) G K[t] is an irreducible 
separable polynomial (f ^ 0) and A; > 0. Then L' := K[xP'']/{g) ~ K[t]/{f{t)) is a finite 
separable field extension of K, [L' : K] = deg((/(t)). Clearly, L' = L'^'^^. 

Lemma 6.3 Let K , L, and g be as above. 
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1. The factor algebra A := A[pfc] ® Pi/{g) of the subalgebra A := Tk := A^pt] ® Pi of 
T>{Pi) at the central element g is isomorphic to the matrix algebra Mpk{L') of rank 
[L : L'^^P] = with coefficients from the field L'^^^ := L' := K[xp'']/ (g) . 

2. Endp(p,)(P(Pi)®p, A 

3. The V{Pi)-module 'D{Pi) L is a semi-simple module isomorphic to a direct sum 
ofp'^ copies of the simple V{Pi)-module U := V{Pi) 0^ A/ A{g, \pk^^j^) = At^'^l L, 
and End'DiP,){UyP L' . 

4- The map from the set of left ideals of the algebra A to the set of V{Pi)-submodules 
of the induced module T>[Pi) L given by the rule V i— >• T>{Pi) ®a V is a bijection 
with inverse N ^-^ N (1 A. 

5. The induced V{Pi)-module 'D{Pi) L is simple iff the polynomial g is separable 
over K (i.e. when k = 0). 

Remarks. 1. This lemma will be used as an inductive step in Theorem 19.31 which is a 
key result behind the fact that every holonomic module has finite length fTheorem l9.6p . 

2. The opposite algebra appears in statement 2 simply because we write endomorphisms 
on the same side as scalars. The isomorphism in statement 2 is in fact an identity if 
one identifies the opposite algebra of the endomorphism algebra with the idealizer of the 
corresponding left ideal that defines the cyclic module. 

Proof Let V = P(Pi), P = Pi, and g = f{xP'). Recall that V = K®P = Alf'l ® 
A[pfc] P = A^^ 1 ® A where A is a subalgebra of and K[xP ] is the centre of the algebra 
A. The induced "D-module 

V®pL^V/Vg^ A^P'l ® Z = ^[^P'l ® A. 

It follows from the decomposition A = Ajpt] ® P/{g) = ©o<jj<p'=^ — ©o<i<p'= 
that the algebra A is a simple algebra with the centre L' (use adx and the fact that L is 
a field), and dim/,/ (A) = p"^^. In order to prove that the algebra A is isomorphic to the 
matrix algebra Mpk{L') it suffices to find a simple A-module U' such that dimi/([/') = p'^ 
and End^(?7') ~ L'. One can easily verify that the module 

U' := A[p.],+) ^ Pd^^/iPg © ( P^H)) ^ P/Pg ^ L (23) 

satisfy the two conditions above. This proves statement 1. 

One can verify (using (fT^ . (j^ . and separability of fit)) that the P- module V®aU' = 
is a simple module. Now, the V-mo 
(A'^ 1 © U')P is a direct sum of p'' copies of the simple D-module V ©a U'. All the 
isomorphisms are natural. Since the set of elements oi T> ®p L = A'^p ^ ® A that are 
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annihilated by the left ideal A{g , A^pk-^^^) of the algebra A is equal to A and the P-module 
V ®p L is semi-simple, statements 2 and 4 follow at once. Statement 5 is obvious. □ 
For each i = 1, . . . ,n, let := K[xi]/{gi) be a simple ^^'[xi] -module where gi{xi) = 

k ■ 

fi{x\ is an irreducible polynomial such that fi{t) G K\t\ is an irreducible separable 

k ■ 

polynomial, fcj > 0, and L[ := K[x^']/{gi) is a finite separable field extension of K, 
[L[ : K] = deg,(/.). Clearly, L', = Lf^ 

Consider the X'(P„) -module M := <S)'i=i which is the tensor product of the induced 
P(ii'[xj])-modules Mi := V{K[xi]) L^. We keep the notation of Lemma IFO^ adding 

the subscript i in proper places when considering the module Mj. Clearly, 

n 

M ~ V{Pn)^P^Pn/{gi,...,gn)=A^Pn/{9l,...,9n)=A(^{<^L,) 

i=l 

n 

= ® ((g) L,) ^ V{P„)/V{P^){g,, ...,(?„). 

{Aii := -Fj ■ Pn/{gi, . . . ,gn)} is the filtration of standard type on the r'(P„)-module M. 
Then 

dim^(A<,) = Ul^j--K]r^'')=p'l[ deg,(/.(t)) (' + ""j , z > 0, 

where /c := /ci + ■ ■ ■ + A;„. So, M is a holonomic cyclic finitely presented P(P„)-module. 
By Lemma lO End'p^K[x,])iMi)°P ~ ~ Mpk,{L[). It follows that 

n n n 

1 = 1 j=l j = l u=l u = l 

The tensor product of separable fields ®^^iL[ is a semi-simple commutative algebra, it is a 
direct product 11(^=1 of finite separable fields Ti, over K. The algebra A := is a 

semi-simple finite dimensional algebra. Let K/, z/ = 1, . . . , /i, be a complete set of (pairwise 
non- isomorphic) simple A-modules. Then dimi^(Vjy) = p''[Ty : K] and Endyi(V^)°^ ~ T^. 

It follows from the equality V{Pn) = ((8)^=1^^'^) ® ^ where A := 0^=1^^, := 
A,jp.,] ® i^-fxi], that the P(P„)-module M - ©(P^) ®^ A ~ (0|;=i2^(Pn) ®a K)^' is a 
direct sum of simple r'(P„)-modules Uu := T>{Pn) ®a and each of them occurs with 
the same multiplicity p^. Summarizing, we have the following lemma which is a direct 
consequence of Lemma 16.31 

Lemma 6.4 Let K be an arbitrary field of characteristic p > the T>{Pn)-module M = 
®^=]^Mj be the tensor product of modules from Lemma \6. ^ Then 

1. The algebra A := (3)"=! — YYt=i ^p^^^v) where k := ki + ■ ■ ■ + kn and are finite 
separable field extensions of K . 

2. Endp(P„)(^)°'' 
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3. The V{Pn)-module M is a semi-simple holonomic cyclic finitely presented module 
isomorphic to the direct sum ®y=iUl where Uy := V{Pn)^AVu is a simple holonomic 
finitely presented V{Pn) -module, and Endx)(p„)(f/,y)°^ ~ F,^ a finite separable field 
extension of K. 

k ■ 

4- On the simple T>{Pn)-module = ((S)"=i ')(S>V^ consider the filtration of standard 
type {U,, := ■ 1 ® K = ®i,pH+...+^^p^r.<A"''''^ " " "^n""'"^ ® K}. Then 

(a) the Poincare series Pjj = dimKiv^) — _ p [t,.-K] — njhere /c := fci + 

■ ■ ■ -\- kn, 

(h) the multiplicity e{Uy) = [T,^ : K] = dimi^(Endx)(p^)(f/j.)), 

(c) dimK{U^^i) = ■ ■ , 0, is an almost polynomial with period p"^^^^^^'"''''"^ . 

5. The map from the set of left ideals of the algebra A to the set of V{Pn)-submodules 
of M given by the rule V ^ ^{Pri) ®a V is a bisection with inverse N y-^ N r\ A. 

6. The T>{Pn)-module M is simple iff all the polynomials gi, . . . ,gn are separable (i.e. 
ki = ■ ■ ■ = kn = 0) and the tensor product of fields = ®r=i-^« field. 

Corollary 6.5 Let K be an arbitrary field of characteristic p > 0, L be a simple A^-module. 
Then the induced T>{Pn)-module 'D{Pn) L is a semi-simple holonomic T>{Pn)-module 
of finite length and Endx)(p„)(I'(-Pn) L) ~ 11(^=1 Mn^(T,^) where Ti, are finite separable 
field extensions of K , > 0, Mq{V^) := K (see the proof). 

Proof. We keep the notation of Lemma 16.21 and its proof. The case when e = 
(— 1, . . . , — 1) has been considered already in the proof of Lemma [6.21 fin this case, M = Pn 
and Endi,(p„)(P„) ~ K). 

So, we may assume that e ^ (—1, . . . , —1). In this case, = (g) A(t) for some s > 1, 
t = n — s, and the P(P„)-module M = Mg Mt (see the proof of Lemma 16. 2|) where 
the P(Pt)-module Mt is equal to Pt and the P(Ps)-module Mg is an epimorphic image of 
a P(P5)-module M = ®|=xMj from Lemma 16.41 Since Pt is a simple P(Pt)-module with 
Eiadx>(p,){Pt) = K, every P(P,) P(Pt)-submodule of M, O Mt is equal to N Mt for 
some r'(P,)-submodule of M,. By Lemma lOl M ~ ^'^^-^U^-^Mt and Endi?(p„)(M) ~ 
11^=1 Mn,{^>^) for some > such that < n^{< p^) where Mo(r^) := K. □ 

Let Max(P„) be be the set of all the maximal ideals of the polynomial algebra P„. 
Let m G Max(P„), we are going to determine the structure of the induced X'(P„)-module 
T>{Pn) ®p„ Pn/tTi fLemma 16.61 this lemma is central in proving Theorem 16. 7p . Note the 
P„/m is a finite field over K. For each i = 1, . . . ,n, there exists a unique monic irreducible 

k ■ 

polynomial gi G K[xi\ such that (gi) = K[xi] fl m, then gi{xi) = fi{x^ where fi{t) G K[t] 
is a monic irreducible separable polynomial for some ki > 0. Note that gi, fi, and ki are 
uniquely determined by the ideal m. Let k{m) = (fci, . . . , /c„), g{vci) = {gi, . . . , gn), and 
/(m) = (A, ...,/„). Let := K[x,]/{g.), L[ := = K[xf]/{g,), iS)t, L[ ^ HLi 
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where are finite separable fields over K, let 1 = X]!^=i the corresponding sum of 
primitive orthogonal idempotents. Let A{m) := <S)^=i where A{m)i := Aj^^^pk.q^K[xi], 

A{m)i := A{m)i/A{m)igi, 

n n n 

A{m) := (g) A(m), ^ M,.((g)L:) ^ ^^^^(r,), A(m) := ^A^', 

i=l i=l u=l i=l 

where k := ki + ■ ■ ■ + kn- 

Let us consider the map 11^=1 — ^^=iL[ — > -Pn/m that is the composition of the 
inclusion (S)i'Li -^i (S^ILi ^^"^ natural algebra epimorphism (3)"=! -^i -Pn/nx. 
Then there exists a unique v such that the map Fj, — Pn/nr (e,y 1) is a i^T-algebra 
monomorphism. We denote such a unique field F,^ by F(m). It is obvious that 

F(m) = {Pnlx^T' (24) 

since i— 0, if /i 7^ ^i=\ ~^ PrJ^ is an epimorphism, and the p^'th (j ^ 1) power 
of each element of (S)r=i belongs to (S)"=i L'^. The module 

U{m) := V{P^) ®A(m) V{m) 

is a simple holonomic finitely presented V{Pn)-raodnle from Lemma lUT^ that corresponds 
to the field F(m) = F^ where V{m):=Vy. 

Lemma 6.6 Keep the notation as above. For each maximal ideal m of the polynomial 
algebra Pn, the induced V{Pn)-module 'D{Pn) ®p„ -Pn/nr is isomorphic to [(p'^Jm^'e^.^] copies 
of the simple holonomic finitely presented V{Pn)-module f/(m). In particular, the T>{Pn)- 
module ^{Pn) -Pn/tn is simple iff the field P„,/m is separable. 

Proof. Applying V{Pn) ®A{m) — to the natural epimorphism of A(m)-modules A{m) 
A{m) Pn/iTi, we have the natural epimorphism of 'D(P„)-modules 

V{Pn)®A{ra)A{vCi) ~ V{Pn)® A[ra)\{Mpk{T -> P(P„)®A(m)^(m)®p„P„/m ~ P(P„)®p„P„/m. 

u=l 

Since F^ 0, if F^ 7^ F,^, we have the natural epimorphism of r'(P„)-modules 
ViPn) Mp.(F(m)) - U{mf ^ I?(P„) ®p„ Pjm. 

Therefore, V{Pn) ®p„ Pn/na ^ f/(m)'' for some s > 1. On the module V{Pn) ®p„ P„/m 
consider the filtration of standard type {Pjl Pn/m = 0|^|<j<9''^^ ® P„/m}. Then 

dim^(P,l ® P„/m) = [P„/m : iT] f ' + = ^^"^""'^^ z" + ■ ■ ■ , ? » 0. 
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By Lemma 16.41 dimi^(t/(m)f ) = '^^ ^ i" + ■■■,2^0. Since the multiplicity does not 
depend on a filtration of standard type, we must have s[r(m) : K] = [P„/m : K]. This 
finishes the proof of the lemma (see (j2H))- D 

Let r'(P„)(fin. pres.) be the set of isoclasses of simple finitely presented X'(P„)-modules. 
Theorem 16. 71 classifies these modules and shows that every simple finitely presented V{Pn)- 
module is holonomic. 

Theorem 6.7 Let K be a field of characteristic p > 0. Then 

1. The map Max(P„) P(^)(fin. pres.), m ^ [f/(m) := P(P„) ®A(m) V{m)], zs a 
bijection with inverse [M] i-^ assp„(M) (the set of all associated primes for the Pn- 
module M). In particular, assp„(f/(m)) = {m}. 

2. Each simple finitely presented V{Pn)-module M is a holonomic. 

3. (An analogue of Quillen's Lemma). Endx)(p„)(f/(m)) ~ {Pn/mY^^. 

4. On the simple V{Pn)-module U{m) = A(m) ® V"(m) consider the filtration of standard 
type {U{mY := P.l ® V(m) = 0^^^,^^ ^^'^^l . . .^K"! ® V(m)}. Then 

(a) the Poincare series Pu(m) = p liPn/m) p.k] .— _^ . . . _^ 

(b) the multiplicity e(f/(m)) = [{Pn/mY^'^ : K] = dim/4'(Endx)(p„)(f/(m))) is a natu- 
ral number, 

(c) dim7^(?7(m)i) = K-^"/"'^^ ^■K]) ^n -)_ . . . ^ ^ ^ 0, zs an almost polynomial with period 

^max{fci,...,fc„} 

Remark. (]\m.K{U{m)i) is not a polynomial (for i ^ 0) iff maxj/ci, . . . , /c„} > 1. 

Proof. 1. Let M be a simple finitely presented ©(Pn) -module. By Corollary 15.81 
and its proof, M ~ T>{Pn) M' is a holonomic P(P„)-module where M' is a simple 
finite dimensional T^-module. Then M' is a finite dimensional P„-module as P„ C T^. 
Then the P„-module M' contains a simple P„-module isomorphic to P„/m where m is a 
maximal ideal of the algebra P„. Then M is an epimorphic image of the P(P„)-module 

:= V{P„) (g)p„ Pn/m, and so M ~ f/(m), by Lemma ESI Note that = Ui>iann(m^), 
and so {m} = assp„(A^) = assp„([/(m)^) = assp„(t/(m)). Therefore, the map m t— > U{m) 
is a bijection with inverse M 1— >■ assp„(M). Statements 2-4 follow from statement 1 and 
Lemma f6. 41 □ 

Corollary 6.8 Let K be an algebraically closed field of characteristic p > 0. Then 

1. The map Max(P„,) = ^ V{P^){fai. pres.), m ^ [U{m) := V{Pn) ®p„ P„/m], a 
bijection with inverse [M] t— > assp„(M). In particular, assp„([/(m)) = {m}. 

2. Endp(p„)(f/(m)) 
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3. On the simple V{Pn) -module U{m) = A -Pn/tn = Al consider the filtration of 
standard type {U{m)i := Fj = 0|^|<. K^t^lT}. Then 

(a) the Poincare series Pu{m) = ]iZ^y^> 

(b) the multiplicity e(f/(m)) = 1, 

(c) dim/^(?7(m)i) = (*^") is a polynomial. 

7 Classification of tiny simple (non-finitely presented) 
P(P^)-modules 

In this section, K is an arbitrary field of cliaracteristic p > 0. 

In this section, we complete a classification of the 'smallest' simple X'(P„)-modules (see 
Theorems 17. II and 16 . 7^ . they are called tiny modules. Theorem 16 . 71 describes the set of tiny 
finitely presented ©(P^) -modules and Theorem 17.11 classifies the set of tiny non-finitely 
presented P(P„) -modules. They turned out to be holonomic with multiplicities which 
are natural numbers. Briefly, they have the same properties as simple finitely presented 
©(Pn) -modules. 

Let e G {±1}". A A^-module M is called a locally finite if dimi^(Aem) < oo for each 
element m G M. We denote by Ce the category of all 'E'(P„) -modules that are locally finite 
as Ae-modules. The category is a full subcategory of the category D(P„)-modules (it 
is closed under taking sub/factor modules and direct sums but not under infinite direct 
products). 

Definition. A simple P(P„)-module from is called a tiny module. The name is 
inspired by Theorem 19.31 f which roughly speaking says that 'typically' dim^(A£m) = oo). 

Our aim is to describe the set V{Pn){Ce) of all the isoclasses of simple r'(P„)-modules 
that are locally finite over A^ (Theorem 17. II and Corollarv l7.2|) . 

For each m G Max(Ae), the X>(P„)-module 'D{P„)0A^AJm = A.^^AJm = 0„gNn Z^^® 
Ae/m is a holonomic r'(P„)-module as the filtration of standard type {Pjl ® A^/m = 
®la\<i^-e ^A^/m} on it has polynomial growth 

1 , i>0. 

For each J > 1, assA,(2^(P„)®A, Ae/m^') = {m} and r'(P„)®A^ AJm^' G Ce. If e 7^ (1, . . . , 1) 
then, for each j > 2, the cyclic T'(P„)-module Vi^Pn) A^/xn^ is not Noetherian as 
dim/^(m/m^) = 00. It follows that each module M G £e is an epimorphic image of a direct 
sum of induced modules of the type T>{Pn) Ag/m-^, and that 

M= iVP" 

mGMax(AE) 
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is a direct sum of uniquely determined r'(Pn)-submodules M™ := Ui>iannj\/(m*) with 
assAj(M'") = {m}. Therefore, each simple module from the category Cs is an epimorphic 
image of a module of type V{Pn) Ae/m. 

Example. For e = (1, . . . , 1), i.e. = P„, we have already got the description of the 

set V{Pn){Cs) = V(P^){&n. pres.) (Theorem EZZI). 

Theorem 7.1 Let K be a field of characteristic p > and A^ = A(t) Ps where t > 1 
and s:=n-t (i.e. £ 7^ (1, ... , Then V{Pn) = V{Pt) O V{Ps) and 

1. The map Max(Ps) —>■ V{Pn){Cs), m t-^ W(m) := Pt®U{m), is a bijection with inverse 
M assp^(M). In particular, assp^(W(m)) = {m}. 

2. The map Max(A£) V{Pn){Ce), A(t)+ (g) + A(t) (g) m t-> U{m), is a bijection with 
inverse M ^ assA^(M). In particular, assA^(W(m)) = {A(t)+ P^ + A(t) m}. 

3. Each simple T>{Pn)-module from T>{Pn){C.i.) is a holonomic but not finitely presented. 

4. (An analogue of Quillen's Lemma) . EndD(p„)(W(m)) ~ Endx)(Pt)(Pt)(8)EndD(p^)([/(m)) ^ 
K0{Ps/my^P ~ {Ps/mY'P. 

5. On the simple T>{Pn) -module U{m) = Pt^A{m)^V{m) consider the filtration of stan- 

dard type {U{m), := P,l ® 1 ® V{m) = e,,NM.|+np^i+-+..P^=<^ ^"^f'"'"' " " " ^^"''^ ® 
V{m)}. Then 

(a) the Poincare series Pu(m) = (1 - ^)PptPu{m) = '^^^^^ ^ = 
ki-\ ^ ks, 

(b) the multiplicity e(W(m)) = e(Pt)e([/(m)) = [{Ps/mY^P : K] and e(W(m)) = 
dim/^(Endx,(p„)([/(m))), 

(c) dimi^(W(m)i) = + ■ ■ ■ , i ^ 0, zs an almost polynomial with period 

pmax{fci,...,fcs} 

Remark. dimj^(Z//(m)j) is not a polynomial (for i ^ 0) iff max{A;i, . . . , ks\ > 1. 
Proof Note that the map Max(P5) Max(A£), m ^ A(t)+ P^ + A(t) ® m, is a 
bijection. It follows that Pt = I'(Pt)/I?(Pj)A(t)+ is a simple (non-finitely presented) V{Pt)- 

module with Endx)(Pt) (Pt) = K, and that any simple T'(Pn) module M from V[Pn) [Ce) such 
that assp^(M) = {m} is an epimorphic image of the P(Pn)-module Pt ® {V{Ps) Pg/m). 
Therefore, M c:^ Pf ® U{ra) f Lemma 16. 6p . Now, the results follow from Theorem 16.71 □ 

Corollary 7.2 Keep the notation from Theorem \7.1\ If, in addition, the field K is alge- 
braically closed then 

1. The map Max(P,) = K' V{Pn){Ce), m ^ U{m) := Pt ® {V{Ps) (gp, P./m), is a 
bijection with inverse M 1-^ assp^(M). In particular, assp^(W(m)) = {m}. 
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2. The map Max(Ae) -> V{Pn){Cs), A(t)+ ® Ps + A{t) (g) m W(m), is a bijecUon with 
inverse M t-^ assA^(M). In particular, assA^(W(m)) = {A(t)+ Cg) + A(t) eg) m}. 

4- On the simple V{Pn) -module W(m) = Pt® A(s) (g) Ps/tn = Pt® A(s)l, consider the 
filtration of standard type {U{m)i := Pj = 0a6N*,/3eNMa|+|/3|<i -^^"^'^^1}- ^^^^ 

fa^ t/ie Poincare series Pu{m) = > 

(^5^ i/ie multiplicity e(f/(m)) = 1, 

('c^ dimi^(?7(m)i) = (*^") zs a polynomial. 

8 Multiplicity of each finitely presented P(P^)-module 
is a natural number 

In this section, K is an arbitrary field of characteristic p > 0. 

We know already that the multiplicity of a non-holonomic finitely presented V{Pn)- 
module can be arbitrary small fLemma l5.6|) . In this section, we prove that the multiplicity 
of a holonomic finitely presented P(P„)-module is a natural number (Theorem 18 .711 . This 
result is a direct consequence of a classification of simple Tk-modules (Theorem 18 .Sj) and 
Theorem 15.51 

For each k = (fci, . . . , G N", the subalgebra of P(P„) = (g)"^^ V{K[xi]y. 

n 

Pk = Pk,n := (g)(A,,[p.,] ® K[x;\) = A[p.] ® P„ = ^[^l ® P„ = P„ ® ^[^l 

is a free left and right P„-module of rankp'^' where A[pk] := (3)"=! Ai,[p^i]i 1^1 := ^1 + - ■ ■ + kn-, 
and /? < means /3j < p^^ for all i. It is a finitely generated Noetherian algebra with 
the centre := K[x\ \ . . . , a;^''"]- The algebra Pk is a free Zk-module of rank p^'**^' since 
Pk = A[pk] ® {®a<p^Kx") ® Zk- On the algebra Pk consider the induced filtration from the 
canonical filtration P = {Pj} on the algebra V{Pn): 

% = {%,:=T^nF,= irx°9[^l= Kd^^^x^}. (25) 

/3<p'',|Q| + |/3|<i /3<p'',|a| + |/3|<j 

The filtration 7k is the tensor product of the induced filtrations on each tensor multiple 
Aj [pfci]®P'[xj] of the algebra Pk. The associated graded algebra gr Pk = ©j>oG'k,j is naturally 
isomorphic (as a graded algebra) to the tensor product of the commutative algebras A[pk]®Pn 
where 

Gk, := Kd^^^x'^. 
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The grading on grTk is the tensor product of natural gradings on the tensor multiples. 
The algebra grT^ is an affine commutative algebra with nil-radical A[pk]^^ (g> Pn (where 
A[pk] := ®Q^i3^pkKd^^^) which is a prime ideal since 

grTk/(A[pk],+ ® Pn) ^ (A[pk]/A[pk],+) (g) Pn - K (g) Pn ^ Pn- 

To ■■= 7|o,...,o) = Pn, Tk C Ti iff k < 1 (i.e. h < < /„). V{Pn) = UkeN"Tk, 

7k Ti C Tmax{k,i) where max(k, 1) := (max(/ci, /i), . . . , max(A;„, /„)). 

Lemma 8.1 1. The algebra Tk is a somewhat commutative algebra with respect to the 
finite dimensional filtration 7k = {Tk^} having the centre Zk = K[xi \ . . . , x^'^] and 
GK (Tk) = n. In particular, Tk is a finitely generated Noetherian algebra. 

2. The Poincare series ofT]^, Pt^^ = ^^^q dimA'(7k^j)co'* = n j=i and the 

multiplicity e(Tk) = p'*^'. 

1^1 

3. The Hilbert function is, in fact, a polynomial dim/^(7k j) = + ■ ■ ■ ; ^ ^ 0. 

4- Let Zk = K{x^ \ • • • , x^") be the field of fractions of Zy^. Then T^ := Zk (8>Zk — 
Mp\k\{Z]i), the matrix algebra. 

5. The algebra Tk is a prime algebra of uniform dimension p^^\ and the localization 
S~^T\. of Tk at the set S of all the non-zero divisors is isomorphic to the matrix 
algebra M^iki (^k)- 

6. The algebra Tk is preserved by the involution *, T^ = Tk, and so the algebra Tk is 
self- dual. 

7. The algebra Tk is faithfully flat over its centre. 

8. The left and right Krull dimension of the algebra Ty_ is n. 

9. The left and right global dimension of the algebra Tk is n but the global dimension of 
the associated graded algebra gr(Tk) is oo ifky^O. 

Proof. Repeat the proof of Lemma 15. HI □ 

Recall that the algebra Tk = Tk,n is a somewhat commutative algebra with respect to 
the filtration 7k. 

Lemma 8.2 Let M be a finitely generated T]^-module, k < 1, and M' = Ti C^j-j^ M be a 
T\-module. Then 

1. GK(t,M') = GK{t^M). 

2. e{T,M')=p\'-''\e{T^M). 
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Proof. Let Mq be a finite dimensional generating subspace for the Tk-module M = 
TkMo, Mi := Tk,iMo, i > 0. Then dimi^(Mi) = ^i"^ + ■ ■ ■ , i > where = GK (M). 

M' = ©o<^<pi-k 9[P"^] ® M where ^tp'^l := '^'^^1 ■ ■ ■ df"^"^ , and 

SlP'^^l ® M,_p|,| C M; := 7I,,Mo C d^p""^^ Mi, z > 0. 

0</3<p'-'' 0</3<p'-'' 

Therefore, 

— ^P^' +••• = P' 'dimx(M,_p|,|) <dimK(M;) = ^^^'' + --- 
< pl'-'-ldim^(M.) = ^"''^'f^^ z'^ + ---, 
and so GK (t,A/') = GK (t^M) and e(T,M') = pli-'^le(TkM). □ 

Theorem 8.3 Let M' = TkMg 6e a nonzero finitely generated T\f^-module, dimx(MQ) < oo, 
k = (fci, . . . , e N", = max(A;i, . . . , kn), and M := V{Pn) M' . Let {M^ := T-^^^iM'^} 
he a standard filtration for the Ti^-module M' and dimx(Mj') = + - ■ ■ fori ^ where 

d = GK(M'). Let {Mi := F^Mq} be the filtration of standard type on the T>{Pn)-module 
M. Then 

1. diniii- (Mj) = p \ t\^^^y '^'^^'^ + ■ ■ ■ is an almost polynomial of period p'^ with coefficients 
from and e(M) = ^ G j^N. 

^. The dimension Dim(M) = n + d > n is equal to t — 1 where t is the order of the 
pole of the Poincare series Pm{uj) = "^i^Q dim k {Mi) uj'^ at the point uj = 1, and the 
multiplicity e(M) = (1 — to')°'™'-^^''^^PA/(c<j)|^=i. The dimension Dim(M) of M can 
be any natural number from the interval [n, 2n] . 

Proof. The subalgebra A'^''' := (3)"=! of ^{Pn) has the induced filtration 

{Af 1 := At^'"! n = Kdf'^'^ ■ ■ ■ "^"]}. 

p'=i/3i+---+p'="/3„<i 

Therefore, 

It follows from the equality M = A^p"! M' that = Y.s+t<i ^'^''^ ® • Therefore, R := 



^.>odim;^(Mi)u;^ = (1 -c<;)Pg where Q := ^.>o dimx(M/)u;\ By Corollary EI21 e(M) 

e(A/') 
p|k|(n+d)!^ 



e/j = epCQ = -^e(M') and Dim(M) = n + d > n, and so dim^(M,) = ^1^1^+^ + ■ 



by Lemma [5.11 The rest is obvious f Lemma I5.1|) . □ 
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Theorem 8.4 (A classification of simple T^-modules where Tk = Tk^i). Let K be a field 
of characteristic p > and k > 0. 

1. The map Max(_ft'[x]) — T^, m ^— [T,fc(m)] is a bijection with inverse [M] a.ssK[x]{M) 
where 

rp ®T,(„) Tfe(^)/Tfc(n,)(m, A[pMm)],+) ^ Tk ®T,(„) K[x\/m , k > k{m), 

\Tfc/T,(m,A[p.],+)^ir[x]/m ,k<k{m). 



2. dimj^Tfc(m) : = 
and so 



' p^-^^'^\K[x\/m : K] = p''[{K[x]/my^P : K] ,k> k{m), 
[K[x]/m : K] = p^^'^^[{K[x]/my'P : K] ,k< k{m), 



dim/^ Tjt (m) Jl ,k>k{m) 



p''[{K[x]/m)'^P : K]' \ pKm)-k ^ ^ ^ ^(^^^_ 



3. EndT,(Tfe(m)) 



where m = ((7) anc? g = /(x^''*"^). EndT'j,(Tfc(m)) zs a subfield of K[x]/m that contains 
iK[x]/my'P. EndT,(Tfc(m)) = {K[x]/my'P iff k > k{m). 

U{m) ,k>k{m), 



f/(m)f'*"'"' , k < k{xn) 



4. V{K[x]) n{m) 

where U{m) is the simple T>{K[x]) -module from Lemma \6. 3i . 

5. If k < k{m) then the factor algebra Tk/TkXn ~ Mpk{K[xP'']/ (g)) where m = {g). 

Proof Let V = V{K[x]). 

4. Let Tk{m) be as in the second part of statement 1. If k > k{xn) then V Tkiycv) ~ 
V (g)T, Tk ®T„„, Tfc(^)/Tfc(^)(m, A[pfc(n»],+) ^ U{m). 

If < k{m) then the P-module M := T> Tk{vn) is an epimorphic image of the 
P-module V ®k[x] K[x]/m ^ U{my for some s > 1 (Lemma ESI)- Therefore, M ^ t/(m)* 
for some t. By Theorem 15.51 

e(M) =p-^dimK(Tfc(m)) =/('")"'=[(ir[x]/m)""P : K], 

and by Theorem EH e(f/(m)*) = t[(ir[x]/m)^'^P : K]. Therefore, t = pMm)-fc_ 

1. If > k{m) then the T^-module Tfc(m) is simple since Vt^. is faithfully flat and the 

induced P-module V ^j-^ Tfc(m) is simple (by statement 4). 

If < k{m) then the i^fxj-module Tfc(m) is simple, and so the T^-module Tfc(m) is 

simple. Now, statement 1 follows from statement 4 and Theorem 16.71 
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2 and 3. These statements are obvious. 
5. It follows from the decomposition 

T,/T,g^k^^.^®K\x]/{g)= Q d^^K\x]/{g)= d^^x^ K[x^']/ {g) (26) 

that the algebra T^/T^g is a simple algebra with the centre K[x^'"]/{g) (use ad a; and the 
fact that the K[x]/{g) is a field), and dimKiTk/Ttg) = p''[K[x]/m : K]. By the 
Tk/Tkg-modu\e 

U' := rfc/Tfc((/, A[p.],+) ~ K[x]/m 

is simple, dim^(t/') = [K[x]/m : = ■ K], and Endr,/r,g(f/') - 

This implies that Tk/T^g — Mpk{K[xP'']/{g)) (this also proves statement 1, the case 

k < k{m)). □ 

Let k = {ki, . . . , kn) G N". We are going to classify simple Tk-modules (Theorem I8.5j) . 
The algebra Tk is a somewhat commutative algebra which is a finitely generated module 
over its centre. By Quillen's Lemma, every simple T]^-module has finite dimension over 
K. Given a finite dimensional T^-module M. Then M = ©mGMax{p ) ^ direct sum 

of its submodules M"" := Uj>iannM(Tn*). If, in addition, the Tk-module M is simple then 
M = for a uniquely determined maximal ideal m of P„ and M is an epimorphic image 
of the finite dimensional Tk-module Tk/Tkm ~ Tk (8>p„ -Pn/m ~ A[pk] ® P„/m, dim;^(Tk ®p„ 
Pn)=pl'^l[Pn/m:if]. 

Suppose that k < A;(m) := {k[,...,k'^) (i.e. ki < k[,...,kn < k'^). Let g{m) = 

{gi, . . . ,gn) where gi{xi) = fi{xl We keep the notation as in ^I^. Consider natural 
maps 

n n ^ n n 

v=l i=l i=l 1=1 

By (j211), we have the inclusions of fields: 

(P„/m)'"P = r(m) C r(k, m) := im(7r o 0) C P„/m. (27) 
Consider the factor algebra (Theorem | 



Tk/Tk(7(m) ^(^TjTu^g, ^ M^., (ir[x^ ^ M,,., ((^ TTfx^' ']/{g,)). 

1=1 i=l 1=1 

The Tk-module Tk/Tkin is, in fact, a Tk/Tk(7(m)-module, or even, M^iki (r(k, m))-module 
(since — if /x 7^ z/, see (1211) )• Let 

r(k,m) :=r(k,m)P"'' (28) 
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be the only simple module of the matrix algebra M(k, m) := M^iki (r(k, m)). Then, 
dimKl^(k,m) = pl*^! [r(k, m) : K], and 



EndM(k,m)(l^(k,m)) ~r(k,m). 



(29) 



It follows that Tk/Tkm ^ l^(k, m)^" where 



dim;,(Tk/rkm) _ pW[P„/m:K] _ [P„/m : iT] 



dimi^ (V(k, m)) pl^l [r(k, m) : K] [r(k, m) : K] 



by ()27p. Therefore, V(k, m) zs i/ie on/y simple T-^-module which is annihilated by a power 
of the maximal ideal m (provided k < /i;(m) ). 

For a = (ai, . . . ,a„),/3 = . . . ,/5„) G N", let min(a,/5) = (min(Q;i, . . . , min(a„, /3„)) 
and max(a;, /3) = (max(ai, . . . , max(a„, /5„)). 

Theorem 8.5 (A classification of simple Tk-modules). Let K be a field of characteristic 
p> and k = {ki, . . .,kn) e N". 

1. The map Max(P„) Tk, m i-^ [Tk(m)] is a bisection with inverse [M] i—* assp^(M) 



where 




, k > /c(m), 
, k < fc(m), 
, otherwise. 




r(k, m) : 



dimxTk(m) 



1 ,k> fc(m), 

[r(k,m) : (P„/m)^^P] ,fc< A;(m), 

[r(min(k, A;(m)), m) : (P„/m)*^P] , otherwise, 



and r(k, m) = p^ for some s = s(k, m) G N. 




I r(min(k, A;(m)),m) , otherwise. 
EndT'k(Tk(m)) is a subfield of Pn/xn that contains (P„/m) 



I dimxTk(m) =pWdim;,EndT,(rk(m)). 



5. V{Pn) Tk(m)) ^ f/(m)'-('^''"). 
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Proof. 1. Let m G Max(P„). If k > k{m) then the r'(P„)-module V{Pn) ®t^^^^ V{m) ~ 
T^iPn) ®Tk (^k ®rfe(„) V'(m)) is simple (Theorem EHj). Therefore, Tk ^t^^^^ V{m) must be a 
simple Tk-module. 

If < k{vn.) then \^(k, m) is a simple Tk-module. 

In the remaining case, one can prove that any nonzero Tk-submodule of M := Tk (8>Ti 
V{\, m), 1 := min(k, k{m)), has a nonzero intersection with the simple Ti-submodule V{\, m) 
of M. Therefore, M is a simple Tk-module. The rest of statement 1 is obvious (see Theorem 
16.71 and the arguments preceding Theorem 18. 5|) . 

2. If k > k{m) then 

dim^(Tk(m)) =pl'^-'=('")ldimxV^(m) =j9l^-'=('")lpl'=('")'[r(m) : iT] = pl'^' [(P^/m)^'^^ : K]. 

If k < A;(m) then the result follows from (j^H|l . In the third case, let / = min(k, A;(m)). 
Then 

dim^(Tk(m)) =pl'^-'ldimKV^(/,m) =pl'^~'lpl'l[r(/,m) : K] =p^^^[T{l,m) : K]. 

The rest of statement 2 is obvious. 

3. Evident. 

4. This follows from statement 2. 

5. By Lemma ESI the r'(P„)-module := V{Pn) ^k(tTi) is isomorphic to U{mY 
for some r G N. By Theorem \S.'S\ the multiplicity of the X>(P„)-module N is equal to 
e(A^) = p-li'ldim^^ Tk(m). By Theorem FTTl e{U{mY) = r[(P„/m)^'=P : K], hence 

dimi^Tk(m) 

r(k, m). □ 



p|k|[(P„/m)-f :K] 

Corollary 8.6 p''''|dimft:(M) for all finite dimensional T^-modules M. 

Theorem 8.7 Let M be a nonzero holonomic finitely presented T>{Pn) -module. Then its 
multiplicity is a natural number. 

Proof. This follows directly from Corollary 18. 6| (j2T| . and Theorem 18.31 □ 

9 Holonomic sets of subalgebras with multiplicity, ev- 
ery holonomic P(P^)-module has finite length 

In this section, K is an arbitrary field of characteristic p > if it is not stated otherwise. 

In this section, the concept of holonomic set of subalgebras with multiplicity is intro- 
duced which is a crucial one in the proof of the analogue of the inequality of Bernstein 
for the algebra T>{Pn) (Theorem 19. 4|) and in the proof of the fact that each holonomic 
P(P„)-module has finite length and the length does not exceed the multiplicity (Theorem 
19. It is proved that n < Dim(L) < 2n for each nonzero finitely generated I'(P„)-module 
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L, and, for each real number d G [n,2n], there exists a cyclic 'D(P„) -module M with 
Dim(M) = d f Theorem 19. IH) . and there exists a cyclic non-holonomic X'(P„)-module 
with Dim(A^) = n (Proposition I9.9|l . 

Holonomic sets of subalgebras. Let A be an algebra over an arbitrary field K with 
a finite dimensional filtTation A = {Ai}i>o such that Dim(y4) := j [dim k Ai) < oo. Any 
subalgebra B of the algebra A has the induced finite dimensional filtration B = {Bi : = 
B n Ai} and Dim(i?) := j{dimK Bi) < Dim(A) < oo. 

Definition. A set C = {C^}^^j^ of subalgebras of the algebra A is called a sub- 
holonomic set if there exists a real positive number he such that for each nonzero A- 
module M there exists v E N and a finitely generated C^-submodule My of M such that 
Dim((7_^M,y) > he or, equivalently, there exists a nonzero finite dimensional vector subspace 
of M such that --y^dmiKiC y^iV)) > he for some z/ where {Cy/i := Cy fl Ai} is the induced 
filtration on the algebra C^- 

Surprisingly, the following simple observation yields an idea of another proof of the 
inequality of Bernstein for the ring of differential operators in positive characteristic, and, 
more importantly, it produces an analogue of multiplicity. 

Lemma 9.1 Let A, C = {Cy}y^j\f, and he he as above. Then Dim(M) > he for all nonzero 
finitely generated A-modules M . 

Proof. For a nonzero finitely generated A-module M, we have '^{dimx Cy^iV) > he 
for some nonzero finite dimensional i^-subspace V of M. Let Mq be a finite dimensional 
generating subspace for the A-module M that contains V. Then 

Dim(M) = 7(dimi^ AiMo) > 7(dim/< C^^iV) > he. □ 

Definition. A set C = {Ci^jj/eA" of subalgebras of the algebra A is called a sub- 
holonomic set of degree n and with leading coefRcient / where n and / are positive 
real numbers if for each nonzero A-module M there exists a nonzero finite dimensional K- 
vector subspace V O M and an algebra such that dimx {C^^iV) > li"' + ■ ■ ■ (where the 
three dots mean a function which is negligible comparing to z", i.e. o{i^)). If n is a natural 
number then e := nil is called the multiplicity for C. If, in addition, n = hA then the set 
C is called a holonomic set of subalgebras with leading coefRcient / (or multiplicity e) 
for the algebra A where hA '.= inf{Dim(M) | M is a nonzero finitely generated A-module} 
is the holonomic number for the algebra A with respect to the filtration A. 

Theorem 9.2 If there exists a holonomic setC = {Cy}y^j\f of subalgebras with the leading 
coefficient Ic for the algebra A then every holonomic A-module has finite length. Moreover, 
if {Mi} is a filtration of standard type on a holonomic A-module M then the length of the 
A-module M is < where le is the leading coefficients for C, dimft:(Mj) < l(M)i"' + ■ ■ ■ , 
i 3> 0, and the three dots mean o(z"). 

Proof. It suffices to prove the last statement. Suppose to the contrary that there exists 
a holonomic A-module M of length > ^y^, we seek a contradiction. Then one can choose 
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a strictly ascending chain of submodules in M: = Mq C M[ C ■ ■ ■ C M'^ C M with 
t > For each factor module Mj/M^^^, fix a nonzero finite dimensional subspace 

Vj C Mj/Mj_i such that dimx(C^(j),iFj) > /c«" + ■ ■ ■ , i > 0, for some z/(j). Let 
be a finite dimensional subspace of Mj such that = Vj + Mj_i. Fix s > 1 such that 
Vi + --- + VtCMs. Then for i > 0, 

t t 
tl^^n ^ . . . < ^ dim(C,(,),,F,) < dim(^ C,(^Jl^Vj) < dimM,+, 

< ;(M)(2 + s)" + --- = /(M)r + --- , 

and so tic ^ K-^)-> ^ contradiction. □ 

Definition. We say that a subalgebra of T>{Pn) is of type ® A(n — s) (resp. of 
type Ps ® ®^=i ^^i^) if after changing, if necessary, the order of the tensor multiples in 

P(P„) = P(Pi)®- ■ ■®P(Pi) the algebra is equal to Pf ^^A^^""') (resp. Ps®®'-^1 ^^^i^))- 
For e G {±1}", \e\ denotes the number of negative coordinates (eg, |(— 1,...,— 1)| = n 
and 1(1,..., 1)1 = 0). 

Theorem 9.3 Let K he an arbitrary field of characteristic p > 0. For any nonzero V{Pn)- 

module M there exists a subalgebra A of the type Ps^^'^Ii A^i^ ofV{Pn) for some ki > 
and a finite dimensional K -subspace V of M such that dimx(^) > p^^^'''^^^-" and the 
natural map A ® V" ^ KV , \ ®v^lv (in M), is an isomorphism of A-modules. 

Proof. The polynomial algebra P„ is a commutative Noetherian domain, so any maximal 
(with respect to inclusion) element of the set of annihilators {annp^(w) | 7^ f G M} is 
a prime ideal. Fix such a prime ideal, say p = annp^(f) for some 7^ f G M. Without 
loss of generality one can assume that M = V{Pn)v. Then the P(Pn)-module M is an 
epimorphic image of the P(P„)-module V{Pn) /V{Pn)p ^ V{Pn) ®p„ P„/p = Ui>iann(p*). 
So, any element of M is annihilated by a power of the ideal of p. To prove the theorem we 
use induction on n. 

The case n = 1. There are two cases: either p = or otherwise p is a maximal ideal 
of the polynomial algebra Pi := K[x\. If p = then fC[x]f ~ K[x\ is an isomorphism of 
-modules, and so it suffices to take s = 1 and V = Kv. If p 7^ then the ideal p is 
generated by an irreducible polynomial of K[x]. Then the result follows from Lemma f6. 31 

Suppose that n > 1 and the theorem is true for all n' < n. Now, we use a second 
downward induction on the KruU dimension d = K.dim (P„/p) of the algebra P„/p starting 
with d = n, i.e. p = 0. In this case, it suffices to take e = (1, . . . , 1) and V = Kv, since 
P„f ~ P„ is an isomorphism of P„-modules. 

Suppose now that d < n and the result is true for all d' such that d < d' < n. The field 
of fractions Q = Frac(P„/p) of the domain P„/p has transcendence degree d over the field 
K, and it is generated by the elements Xi = Xi + p, i = 1, . . . ,n. Up to order of the elements 
Xi, we can assume that the elements algebraically independent over K, and so 

Q is the finite field extension of its subfield Qd '■= K{xi, . . . ,Xd) of rational functions. Then 
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Pn = Pd® Pn-d where Pa = K[xi, . . . , and Pn^d = K[xd+i, • • • , a;„]. Correspondingly, 
P(P„) = V{Pd)®V{Pn_d) and the locahzation Qrf®p,I?(P„) = Qd(^p,V{Pd)®V{Pn-d) ^ 
T^iQd) ®T^{Pn-d) of the algebra 'D{Pn) at Prf\{0} contains the subalgebra Qd®'D{Pn-d) — 
Vq^^Qdlxd+i, . . . which is the ring of differential operators over the field Qd of the 
polynomial algebra Qd[xd+i, • • • , a^n] m. n — d variables over the field Qd- By the choice 
of the prime ideal p and the elements Xi, . . . ,Xdi the T'(P„)-module M is a suhmodule of 
its localization Qd®Pa M (use the fact that p fl P^ = and M = Uj>iann(p*)) which is 
a Qd (S>Prf P(P„)-module, and, by restriction, it is a VQ^{Qd[xd+i, ■ ■ ■ , -module. Since 
n — d < n, by induction, one can find a subalgebra A' = Ps{Qd) ®Qd (3^"=/"* A'^^^'' for some 
ki > and a finite dimensional Qd-submodule of VQ^{Qd[xd+ii • • • , a^n]), say V = Qd®V , 
of Qd®p^M (where is a finite dimensional i^'-submodule of M) such that dimQ^(V) = 
dimft:(V") > p^"^^ vkn-d-s g^^^j ^j-^g natural map A' V A'V is an isomorphism of A'- 

modules. Let A = Pd® Pg® ^^=i'^ A.^^i'^ (a subalgebra of P(P„)). Then the natural map 
A®V^ AV is an isomorphism. By induction, the proof now is complete. □ 
There is another proof of the inequality of Bernstein in prime characteristic. 

Theorem 9.4 Let K he an arbitrary field of characteristic p > 0. Then Dim(M) > n for 

each nonzero finitely generated V{Pn)-module M . 

Proof By Theorem Dim(M) > Dim(P, ® (g)"^^' A^^^) = n for some s and ki > 0. 

□ 

The next theorem gives explicitly examples of sets of holonomic subalgebras with mul- 
tiplicity 1 for the algebra V{Pn). 

Theorem 9.5 Let K he an arbitrary field of characteristic p > 0, C = {a subalgebra of 

V{Pn) of type Ps ® <S>l=i^^'^i \ < s <n, ki>0} and C = {Ae\e E {±1}"}. Then the 
sets C andC are holonomic sets of subalgebras with multiplicity 1 for the ring of differential 
operators T>{Pn) (equipped with the canonical filtration) . 

Proof. Dim(A) = n for all algebras A from C U C. By Theorem 19.31 C is a holonomic 
set of subalgebras with multiplicity 1. Each algebra from the set C is a subalgebra of one 
of the algebras from the set C, and C C C. Therefore, C is a holonomic set of subalgebras 
with multiplicity 1 for the algebra T>{Pn). □ 

Theorem 9.6 Let K be an arbitrary field of characteristic p > 0. Then each holonomic 
Vi^Pn) -module has finite length and its length does not exceed the multiplicity (i.e. the 
length of M < see Theorem W.^) . 

Proof. This follows from Theorems 19.21 and 19.51 □ 

Theorem 9.7 Each holonomic V{Pn)-module is cyclic. 
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Proof. Repeat the characteristic zero proof which uses only that facts that each holo- 
nomic module has finite length and the ring of differential operators is simple and it is not 
an artinian module over itself. □ 

An example of a cyclic non-holonomic T'(P„)-module M with Dim(M) = n. 
Consider the subalgebra A = A_i in T'(Pi). Given an infinite sequence of natural numbers 
k: < ki < k2 < ■ ■ ■ ■ Consider the cyclic A-module 

M(k) = A/A{d^^^\j G [l,/^-l]U[/^ + l,/2-l]U[/^ + l,/^-l]U. . .) - Kl®®s>iKd^P'''^l 

where 1 is the canonical generator for the A-module M(k). Consider the filtration of 
standard type on M(k) (with respect to the canonical filtration on V[Pi)) {M(k)j : = 
AiKl = Kl® Kd^p''^l © ■ ■ ■ © Kd^p"'^!} where s = s{i) satisfies p''^ < i < p''^+\ and 
so dimj^(M(k)i) = + 1. For each t > 1, ®t>sKd^p''^l is a submodule of M(k), 
the corresponding factor module is denoted by M{ki, . . . , kg-i) = Kl © Kd^ © ■ ■ ■ © 
Kd^'^'-^K. In particular, M(0) = K. 

The next lemma shows that the growth of the module M(k) can be arbitrary slow. 

Lemma 9.8 For any non- decreasing function / : N — N that takes infinitely many values 
and fifS) = 1, there exists a module M(k) such that dimx(M(k)j) < f{i) for all i >0 (for 
an arbitrary non- decreasing function f with /(O) = 1 there exists a A-module M{ki, . . . ,ks) 
such that dimx(M(/ci, . . . , ks)i) < f{i) for all i > 0). 

Proof. One can easily find an infinite sequence of natural numbers < ki < k2 < ■ ■ ■ 
satisfying the property that #{j \ p^^ < f{i)} < f{i) for all i > 0. □ 

Proposition 9.9 There exists a cyclic non-holonomic non-Noetherian T>{Pn)-module M 
such that Dim(M) = n. 

Proof. Fix a A-module M(k) from Lemma 19.81 which has zero growth, i.e. '~f{di) = 
where di = dimx(M(k)j). The A-module M(k) is not a Noetherian module, hence the 
induced X>(Pi)-module V{Pi) ©a M(k) = Pi © M(k) is a cyclic non-Noetherian P(Pi)- 
module. Since r'(P„) = ©(Pn-i) © T>{Pi), the P(P„)-module 

^(k) := P„_i © (I?(Pi) ©A M(k)) ~ P„ © M(k) 

is a cyclic non-Noetherian D(P„)-module. Let {A^j} be the filtration of standard type 
associated with the generating space Kl for the I'(P„)-module Ai(k) and the canonical 
filtration on V{P„). Then 

fi + n\ fi + n — p'^^\ f i + n — p^'^i-^\ , f i + n\ 

diuiKiM^) ={ ) + { +■■■+ ) 

\ n J \ n J \ n J \ n J 

It follows that Dim(A<(k)) = 7(dimx-Mi) < 7(t^i('t")) = + n = n. 
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Fix an arbitrary natural number /, then for alH ^ 0, 



diuiK Mi > 



i + n 



n 




+ ■ • • . 



( 



i + n — p' 



n 




Therefore, Dim(7W(k)) = n and 7W(k) is not a holonomic P(P,i) -module. □ 

An example of a cyclic r'(P„)-module M with Dim(M) = d for each d E [n, 2n]. 
Given an ascending sequence b of positive real numbers bo = < bi < b2 < ■ ■ ■ with 
limj^oo bi = oo and a sequence s of positive real numbers Si, S2, . . •• Consider a continuous 
piecewise linear function / = : R_,_ R_|_ := {r G M | r > 0} such that /(O) = 1 and 
on each interval [bi-i,bi] it is a linear function with slope Si. Then b and s are called the 
sequence of breaking points and slopes for fb^s respectively. 

Let us explain an idea of the proof of Lemma f9 . lUI which is an essential step in proving 
Theorem 19.111 For any r G M such that < r < 1, each linear function ax + b with a > 
grows faster then the function y = x^' + 1. The function y = x"^ + 1 can be approximated 
by a function fb^s such that both functions have the same growth r and the graph of the 
function lies below the graph of the function y = x^ + 1. When the slopes tend to zero 
sufficiently fast then the restriction of the function fb^s to the set of natural numbers has 
the same growth. If we alter such a restriction at any subset of natural numbers such that 
the values at infinitely many breaking points remain unchanged, the new function from N 
to R+ is increasing, and its graph lies below the graph of fb,s, then the altered function 
has growth r. Such an altered function will be the function that defines the growth of the 
A-module from Lemma f9. 101 

Lemma 9.10 Let A = K[d^^\d^'^\. . . ,] and r E R , < r < 1. 

1. There exists a cyclic A-module M^. such that Dim(Mr) = r. 

2. The V{Pi)-module Mr := I'(-Pi) ®a Mr has dimension Dim(7\/ir) = 1 + r. 

Proof. 1. In this proof all functions are from N to M+. We are going to find an 
approximation of the function y = x^ + 1 hj a. function of the type / = fb,s where s : 
Si, p''^^ , S2, p~'^'^ , S3, p~'^^ , . . . where < ki < k2 < ■ ■ ■ and b : bo = < p''^ < bi < p'^'^ < 
62 < ■ ■ ■ . Fix a sufficiently big natural number, say ki. Then Si is the slope of the linear 
function passing through the points (0,1) and {p^^,2), and so f{p^^) = 2. Let bi be the 
largest natural number of the form iip'^^ such that ii G N and < yipi). Then fix a 

sufficiently large natural number, say /c2, such that 61 < p^"^. Then $2 is the slope of the 
linear function passing through the points (61, /(&i)) and {p^^ , f{p''^) '■= + Let 62 be 
the largest natural number of the type i2p''^ such that 12 eN and < 62 and /(fc2) < 1/(^2)- 
We continue in a similar fashion. The graph of the function / lies below the graph of the 
function y. 'Sufficiently big' in the choices above means that lim^^oo = (this 

can be easily achieved if the sequence < ki < k2 < ■ ■ ■ grows sufficiently fast, this 
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condition guarantees that the values of the function / at the breaking points bi are getting 
'closer and closer' to the values of the function y = + 1). Then 7(/) = 7(1/) = r. For 
each n > 1, let /„ = {jp''",l < j < in}, I ■= U„>i/„ U {0}, and /' := N\/. Consider 
the A-module Mr := A/A(c}W | i G /') and its filtration of standard type {Mr^i} induced 
from the canonical filtration on the algebra A. Then dimx(Mrj) < f{j) for all j > 0, and 
dimx(M^,bJ = f{K) for all u > 1. Therefore, Dim(M) := 7(dimi^(M^j)) = 7(/) = r. 

2. It follows from ^Ar = Pi that Dim(A^j,) = 1 + r since dimx(-Pi,j) = i + 1 is a 
polynomial. 

□ 

Theorem 9.11 Let K be a field of characteristic p > 0. Then n < Dim(M) < 2n for 

each nonzero finitely generated V{Pn)-module M, and for each real number d such that 
n < d <2n there exists a cyclic V{Pn) -module M such that Dim(M) = d. 

Proof. Let M be a nonzero finitely generated P(P*„)-module. Then Dim(M) > n hj 
Theorem lOl and Dim(M) < Dim(P(P„)) = 2n. Therefore, n < Dim(M) < 2n. 

Given a real number d such that n < d < 2n. Then d = n + s + r for some s G N 
and 0<r<l. Ifr = then Dim(P(Ps) ® Pn-s) = 2s + n - s = d. IfrT^O then 
Dim{T>{Ps) ® Pn-s~i ® Mr) = 2s + n- s- l + l + r = n + s + r = d where the 
r'(Pi)-module A4r is from Lemma 1^.1 01 Obviously, the ©(P^) -modules T>{Ps) ® P„_s and 
T>{Ps) (g) Pn-s-i ® Mr are cychc. □ 
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